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 a b s t r a c t

A Hessenberg Schubert variety is an irreducible component of
the intersection of a Schubert variety and a Hessenberg variety,
defined as the closure of a Schubert cell intersected with the
Hessenberg variety. We consider the smoothness of Hessenberg
Schubert varieties of regular semisimple Hessenberg varieties of
type A in this paper.

We consider the smoothness of the intersection of a Schubert
variety and a Hessenberg variety to ensure the smoothness of
the corresponding Hessenberg Schubert variety. Specifically, we
analyze the structure of the GKM graphs of the intersection of a
Schubert variety and a Hessenberg variety. Our results show that
the regularity of these GKM graphs is completely characterized
in terms of pattern avoidance, which is a necessary and sufficient
condition for the intersection to be smooth. This shows that
our pattern avoidance provides a sufficient condition for the
smoothness of a Hessenberg Schubert variety.
© 2026 Elsevier Ltd. All rights are reserved, including those for text

and data mining, AI training, and similar technologies.

1. Introduction

Schubert varieties in full flag varieties form an important class of complex projective varieties 
that appear in many areas, including algebraic geometry, representation theory, and combinatorics. 
Schubert varieties of the full flag variety of type An−1 are subvarieties of GLn(C)/B, where B is 
the Borel subgroup of upper triangular matrices in GLn(C). Each Schubert variety is defined as the 
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closure of a Schubert cell,
Xw := BwB/B,

and the index w runs over the symmetric group Sn, the Weyl group of GLn(C). The closure of the 
opposite Schubert cell Ω◦

w := B−wB/B is the opposite Schubert variety Ωw of GLn(C)/B, where B− is 
the subgroup of lower triangular matrices in GLn(C). The characterization of the smoothness of Xw

(hence of Ωw) was done in different ways: pattern avoidance, the regularity of the Bruhat subgraph, 
the Poincaré polynomial of the cohomology, and the Kazhdan–Lusztig polynomial (see Section 13.2 
of [3]). We write some of them, which are relevant to our work, in the following theorem. Note that 
a maximal torus T ⊂ B acts on the flag variety GLn(C)/B by left multiplication, and the T -fixed points 
can be naturally identified with the elements of Sn. Furthermore, the opposite Schubert varieties 
are T -stable subvarieties of GLn(C)/B.

Recall that the GKM graph of the flag variety has vertices corresponding to the T -fixed points, 
which can be naturally identified with elements of the symmetric group. Moreover, it is isomorphic 
to the Bruhat graph of Sn.

Theorem 1.1 ([3,8,20]). The following statements are equivalent:
(1) The opposite Schubert variety Ωw is smooth.
(2) The subgraph of the Bruhat graph of Sn (equivalently, the GKM graph of GLn(C)/B) induced by 

the set ΩT
w of torus fixed points is a regular graph.

(3) The permutation w avoids patterns 2143 and 1324.
Hessenberg varieties are subvarieties of the full flag variety, which were introduced by De 

Mari, Shayman, and Proceci [11] in the 1990s. A diagonal matrix S with distinct eigenvalues 
and a nondecreasing function h : {1, . . . , n} → {1, . . . , n} with h(i) ≥ i for i = 1, . . . , n, 
define a regular semisimple Hessenberg variety Hess(S, h) of type A. Owing to their interesting 
characteristics, Hessenberg varieties have become one of the central objects of research in related 
areas, particularly combinatorics and algebraic geometry. A surprising instance is that the well-
known Stanley–Stembridge conjecture in algebraic combinatorics is shown to be equivalent to a 
conjecture on the Sn-module structure of the cohomology of the corresponding Hessenberg variety 
Hess(S, h) [7,15]. In this context, Cho, Hong, and Lee [10] considered the minus cell decomposition 
(the Białynicki–Birula decomposition)⨆

w∈Sn

(
Ω◦

w ∩ Hess(S, h)
)

of Hess(S, h) and the cohomology classes σw,h of Ω◦
w ∩ Hess(S, h) to investigate the Sn-module 

structure of the cohomology space. Then
Ω◦

w,h := Ω◦

w ∩ Hess(S, h) and Ωw,h := Ω◦

w,h

are called the opposite Hessenberg Schubert cell and the opposite Hessenberg Schubert variety, respec-
tively. In the same paper, they showed that the support of the class σw,h is the set ΩT

w,h of torus 
fixed points of the Hessenberg Schubert variety and provided an explicit combinatorial description 
of the torus fixed points. The permutations in Sn = Hess(S, h)T  are partitioned according to the 
Hessenberg function h. More precisely, for a Hessenberg function h, we define

Gh := {w ∈ Sn | w−1(w(j) + 1) ≤ h(j) for all w(j) ≤ n − 1}.

Then for every w ∈ Sn, there is a unique element ̃w ∈ Gh satisfying, for all i < j with j ≤ h(i), 
w̃(i) < w̃(j) if and only if w(i) < w(j). (1.1)

See also [17, Proposition 3.8]. The cohomology classes corresponding to w ∈ Gh generate the 
Sn-module H∗(Hess(S, h)); see Section 3 of [9]. In particular, we have

Ω = u(Ω◦
∩ Hess(u−1Su, h)),
w,h w̃
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where u = ww̃−1, see [17, Proposition 3.14].
Little is known about the geometry and topology of Hessenberg Schubert varieties; see [10,17] 

for more details. Recently, Insko, Precup, and Woo [19] investigated the smoothness of Hessenberg 
Schubert varieties defined as the closures of the intersections between a regular Hessenberg variety 
and Schubert cells associated with the Hessenberg function h = (2, 3, . . . , n, n). In contrast, our 
focus is on the smoothness of Hessenberg Schubert varieties defined as the intersections between 
a regular semisimple Hessenberg variety and Schubert cells for an arbitrary Hessenberg function 
h. In our setting, when h = (2, 3, . . . , n, n), the regular semisimple Hessenberg variety is the 
permutohedral variety, which is known to be a smooth toric variety [11]; hence, every Hessenberg 
Schubert variety in this case is smooth.

Since a Hessenberg Schubert variety Ωw,h is an irreducible component of Ωw ∩ Hess(S, h), if 
Ωw ∩Hess(S, h) is smooth, then Ωw,h is also smooth, but the converse is not true [18, Example 6.5]. 
In this paper, we aim to extend the results (in Theorem  1.1) regarding the characterization of the 
smoothness of the Schubert varieties Ωw to those for the Hessenberg Schubert varieties Ωw,h by 
considering the smoothness of the intersections Ωw ∩ Hess(S, h).

The Hessenberg variety Hess(S, h) is known to be a GKM variety, and its GKM graph (denoted 
by Γh) is a subgraph of the GKM graph of the full flag variety, with the same set Sn of vertices [11]. 
We define the h-Bruhat order as the transitive closure of the following relation:

u ≺h v if and only if u ≺ v and there is an edge connecting u and v in Γh.

We first interpret the set ΩT
w,h, which has been shown in [17] to be the interval [w,w0] in the 

Bruhat order for w ∈ Gh, where w0 denotes the longest element, in terms of the h-Bruhat order. 
We use [n] for the set {1, 2, . . . , n}.

Theorem A (Theorem  3.4). For a given Hessenberg function h : [n] → [n], if w ∈ Gh, then ΩT
w,h =

[w,w0]h, the interval between w and w0 in the h-Bruhat order.

Let Γw,h be the subgraph of Γh induced by the set ΩT
w,h of torus fixed points. As stated in 

Proposition  2.11, if Ωw ∩ Hess(S, h) is smooth and connected, then w ∈ Gh and Γw,h is regular. 
Furthermore, if w is the representative in Gh corresponding to v ∈ Sn, then Γv,h and Γw,h are 
isomorphic by Lemma  2.10. In the following theorem, we show that for w ∈ Gh, the degree of the 
vertices in Γw,h is nondecreasing with respect to the h-Bruhat order. This theorem is essential for 
characterizing the regularity of Γw,h. For two permutations u and v, we use u ⪯h v to denote the 
h-Bruhat order relation.

Theorem B (Theorem  3.8). For a Hessenberg function h and w ∈ Gh, if u and v are vertices in Γw,h with 
u ⪯h v, then deg(u) ≤ deg(v), where the degree of a vertex is the number of edges that are incident to 
the vertex.

If we apply Theorem  B to h = (n, . . . , n), we obtain that if u ≺ v in the Bruhat order, then 
deg(u) ≤ deg(v) in the Bruhat graph Γw for every w ∈ Sn. Consequently, Γw is regular if and only 
if deg(w) = deg(w0) in Γw . This, in turn, recovers the well-known result that Ωw is smooth if and 
only if it is smooth at w0 (see [3, p. 208]).

We then consider the regularity of Γw,h in relation with patterns in the permutation w, where the 
patterns depend upon the given Hessenberg functions h. We find all the patterns that w must avoid 
for Γw,h to be regular as stated in the following theorem. The patterns are defined in Definitions 
3.9 and 4.10.

Theorem C (Theorems  3.12, 4.9, and 4.15). Let h : [n] → [n] be a Hessenberg function.
(1) For w ∈ Gh, the graph Γw,h is regular if and only if w avoids all the associated patterns 2143h, 

1324h, 1243h, 2134h, 1423h, 2314h, and 2413h.
(2) For w ∈ Sn, the graph Γw,h is regular if and only if w avoids all the associated patterns 2143h, 

1324 , 1243 , 2134 , 1423 , 2314 , 25314 , 24315 , 14325 , and 15324 .
h h h h h h h h h
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When h = (n, n, . . . , n), i.e, Hess(S, h) = Fℓ(Cn), every permutation belongs to Gh and 
automatically avoids the patterns 1243h, 2134h, 1423h, 2314h, and 2413h. Therefore, Γw,h is regular 
if and only if w avoids the patterns 2143h and 1324h. This agrees with Theorem  1.1.

Recently, Hong, Lee, and Park [18] proved that for w ∈ Gh, the intersection Ωw ∩ Hess(S, h) is 
smooth if and only if Γw,h is regular. Therefore, our pattern avoidance condition gives a sufficient 
condition for the smoothness of Ωw,h for w ∈ Sn (see Theorems  4.17, 4.18, and Fig.  8).

This paper is organized as follows. In Section 2, first, we set up notation and terminology, 
and then review some basic theories on Schubert varieties and Hessenberg Schubert varieties. In 
Section 3, we focus on the GKM graph Γh of a Hessenberg variety and its subgraph Γw,h. The set of 
vertices of Γw,h is characterized in terms of the h-Bruhat order, and a nice injective map from the 
set of edges of a vertex to the set of edges of an incident vertex is introduced. Further, the seven 
patterns that permutations w ∈ Gh must avoid in order for the variety Ωw ∩Hess(S, h) to be smooth 
are also introduced in Section 3. In Section 4, we prove that avoiding the seven patterns of length 4
for permutations in Gh and ten patterns of length 4 or 5 for arbitrary permutations suffices to ensure 
that the corresponding graph Γw,h is regular. Hence, we show that avoiding these patterns suffices 
for the smoothness of Ωw,h for w ∈ Sn.

2. Preliminaries

2.1. Basic terminologies and properties

Let Sn be a symmetric group on [n]. For a permutation w ∈ Sn, we use the one-line notation 
w = w(1)w(2) · · · w(n). For 1 ≤ i < j ≤ n, the permutation that acts on [n] by swapping i and j is 
called a transposition, and it is denoted by (i, j). The Bruhat order on Sn is the transitive closure of 
the relation

u ≺ v  if and only if v = u(i, j) for some (i, j) and ℓ(u) < ℓ(v).

The length of w is defined by the number of inversions and denoted by ℓ(w), i.e., ℓ(w) =

|{(i, j) | w(i, j) ≺ w}|. The poset (Sn, ≺) is a graded poset whose rank function is given by the length 
of a permutation. Notably, (Sn, ≺) has the unique minimal element e = 1 2 . . . n and the unique 
maximal element w0 = n (n−1) . . . 1. The Bruhat interval [v,w] is the subposet of (Sn, ≺) defined 
by [v,w] = {u ∈ Sn | v ⪯ u ⪯ w}. The Bruhat graph for Sn is the graph with the vertex set Sn and 
edges {v,w} if w = v(i, j) for some (i, j).

For w ∈ Sn and p ∈ Sk with k ≤ n, we say that the permutation w contains the pattern p if 
a sequence 1 ≤ i1 < · · · < ik ≤ n exists such that w(i1) · · · w(ik) has the same relative order as 
p(1) · · · p(k). If w does not contain p, then we say that w avoids p or is p-avoiding.

For positive integers k1 ≤ k2, we denote the set {k1, k1+1, . . . , k2} by [k1, k2]. For a permutation 
w ∈ Sn, we let w[k1, k2] be the set {w(i) | k1 ≤ i ≤ k2}. We use A↑ to represent the increasing 
sequence {a1 < a2 < · · · < ak} of the elements in A, where A is a set of k integers. For two finite 
sets A and B of integers of the same cardinality, A↑≤ B↑ means ai ≤ bi for all i, where ai and bi are 
the ith elements of A↑ and B↑, respectively.

There are many equivalent conditions to u ≺ v in the Bruhat order; we give some of them that 
we use in this paper. We refer to the book [4] for more general theories on the Bruhat orders for 
Coxeter groups.

Proposition 2.1 ([4, Theorem 2.6.3]). For u, v ∈ Sn, the following statements are equivalent:
(1) u ⪯ v in the Bruhat order.
(2) u[k]↑≤ v[k]↑ for all k ∈ [n].
(3) u[k]↑≤ v[k]↑ for all k ∈ [n − 1] − D(v), where D(v) := {i ∈ [n − 1] | v(i) > v(i + 1)} is the set 

of  descents of v.

Lemma 2.2 ([2, Lemma 2.1]). Suppose two permutations u and v agree everywhere except on positions 
i1 < · · · < ik. Then u ⪯ v in the Bruhat order if and only if {u(i1), . . . , u(ij)}↑≤ {v(i1), . . . , v(ij)}↑ for 
all j = 1, . . . , k. In particular, u ≺ u(i, j) if and only if u(i) < u(j).
4
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The Bruhat order on Sn satisfies the chain property as follows.

Proposition 2.3 (Chain Property). If u ≺ v in Sn, then there exist elements vi ∈ Sn, satisfying 
ℓ(vi) = ℓ(u) + i for 0 ≤ i ≤ k, and u = v0 ≺ v1 ≺ · · · ≺ vk = v.

2.2. Flag varieties, Schubert varieties, and opposite Schubert varieties

The flag variety Fℓ(Cn) is the homogeneous space GLn(C)/B, where B is the Borel subgroup of 
upper triangular matrices in GLn(C). The flag variety is a smooth projective variety of (complex) 
dimension 

(n
2

)
, and it can be identified with the set

Fℓ(Cn) := {({0} ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn = Cn) | dimC Vi = i for i = 1, . . . , n}

of chains of subspaces of Cn. Each element of Fℓ(Cn) is called a flag. For instance, an element w ∈ Sn
defines a flag given by

({0} ⊂ ⟨ew(1)⟩ ⊂ ⟨ew(1), ew(2)⟩ ⊂ · · · ⊂ Vn = Cn),

where e1, . . . , en are the standard basis vectors in Cn. We denote by wB this standard coordinate 
flag.

Let G = GLn(C) and B− be the Borel subgroup of lower triangular matrices in G. Then, the left 
action of B (respectively, B−) on G/B has finitely many orbits BwB/B (respectively, B−wB/B), where 
w is a permutation in Sn, and we get a cell decomposition called the Bruhat decomposition: 

G/B =

⨆
w∈Sn

BwB/B =

⨆
w∈Sn

B−wB/B . (2.1)

For each w ∈ Sn, the cells BwB/B and B−wB/B are isomorphic to Cℓ(w) and C
(n
2
)
−ℓ(w), respectively. 

We call X◦
w := BwB/B the Schubert cell and Ω◦

w := B−wB/B the opposite Schubert cell indexed by w. 
The (Zariski) closures Xw := X◦

w and Ωw := Ω◦
w are called the Schubert variety and the opposite 

Schubert variety indexed by w, respectively. Notably, Ωw = w0Xw0w because B−
= w0Bw0, and we 

focus our attention on opposite Schubert varieties throughout the paper.
For v,w ∈ Sn, we have

v ≺ w  if and only if Ωw ⊂ Ωv,

and we obtain a cell decomposition of Ωw as follows: 

Ωw =

⨆
v⪰w

Ω◦

v . (2.2)

An opposite Schubert variety is not necessarily smooth. As stated in Theorem  1.1, Ωw is smooth if 
and only if w avoids patterns 2143 and 1324.1

We refer the reader to [6,12] and the references therein for the geometry and combinatorics 
related to flag varieties and their subvarieties.

2.3. Torus actions and GKM varieties

Let X be a complex projective algebraic variety with an action of an algebraic torus T ∼= (C∗)n. 
Then, the variety X is called a GKM (Goresky–Kottwitz–MacPherson) space if it satisfies the following 
three conditions:

• The fixed point set XT  consists of isolated points.
• There are finitely many one-dimensional orbits of T  on X .
• The space X is equivariantly formal with respect to the action of T .

1 Note that Ωw = w0Xw0w and w0 is an isomorphism. By [20], a Schubert variety Xw is smooth if and only if w avoids 
3412 and 4231. Hence Ω  is smooth if and only if w avoids 2143 and 1324.
w

5
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Fig. 1. The incomparability graph inc(h) of h = (3, 4, 4, 4).

Note that the condition of being equivariantly formal is rather technical. However, (2.1) and (2.2) 
imply that the odd-degree cohomology groups of Fℓ(Cn) and Ωw vanish, and hence both are 
equivariantly formal with respect to any torus action [14, Theorem 14.1]. We refer the reader 
to [13,14,16] for more on GKM theory.

For a GKM variety X , the boundary of each one-dimensional T -orbit contains two T -fixed points 
and the closure of each one-dimensional orbit is isomorphic to CP1 with fixed points at the north 
and the south poles. Based on the zero- and one-dimensional orbits of a GKM variety, we construct 
the GKM graph Γ  of X as follows:

(1) the vertex set of Γ  is identified with the set XT  of T -fixed points; and
(2) two vertices p and q of XT  are connected by an edge if there exists a one-dimensional orbit 

whose closure has p and q as the T -fixed points.

Now, we let T  be the set of diagonal matrices in G = GLn(C). Then T  is isomorphic to (C∗)n
and acts on G/B by left multiplication, and the set of T -fixed points of G/B consists of the standard 
coordinate flags. Thus, we identify (G/B)T  with Sn. Furthermore, the flag variety Fℓ(Cn) with the 
action of T  becomes a GKM space, and the GKM graph Γ  of Fℓ(Cn) is the Bruhat graph for Sn.

For every w ∈ Sn, the opposite Schubert variety Ωw is a GKM subspace of Fℓ(Cn). The set of 
T -fixed points of Ωw is identified with the Bruhat interval [w,w0] and the GKM graph of Ωw is 
the subgraph of Γ  induced by [w,w0]. As stated in Theorem  1.1, Ωw is smooth if and only if the 
subgraph of Γ  induced by [w,w0] is regular.2

2.4. Hessenberg varieties

Hessenberg varieties were introduced by De Mari, Shayman, and Procesi [11] in the study of the 
geometry of the adjoint representation of GLn(C). They have since been extensively studied from 
various perspectives; see [1,21,22] for further developments.

A Hessenberg function is a nondecreasing function h : [n] → [n] satisfying h(i) ≥ i for each 
i ∈ [n]. We often use the list of values (h(1), h(2), . . . , h(n)) of h to represent a Hessenberg function 
h : [n] → [n]. Moreover, we can depict a Hessenberg function using a graph. For each Hessenberg 
function h, the graph with the vertex set [n] and the edge set {{i, j} | 1 ≤ i < j ≤ h(i)} is called the 
incomparability graph inc(h) of h.3 See Fig.  1 for example.

Let S be a regular semisimple linear operator on Cn. That is, a Jordan form of S is a diagonal 
matrix with n distinct eigenvalues. A regular semisimple Hessenberg variety determined by h and S
is defined as

Hess(S, h) := {({0} ⊂ V1 ⊂ · · · ⊂ Vn) ∈ Fℓ(Cn) | S(Vi) ⊆ Vh(i) for i = 1, . . . , n}.

Then Hess(S, h) is a smooth projective variety of (complex) dimension dh :=
∑

i(h(i) − i), see [11, 
Theorem 6].

2 Note that this holds only for Schubert varieties in flag varieties of simply laced reductive algebraic groups of type 
A, D, or E. In general, a Schubert variety is rationally smooth if and only if its GKM graph is regular [8]. However, for a 
non-simply laced type, not every rationally smooth Schubert variety is smooth. For example, Xs1s2s1  is rationally smooth 
but not smooth in type C3 . See [3, Chapter 6].
3 The incomparability graph will be used later when introducing the associated patterns in Definitions  3.9 and 4.10.
6
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Remark 2.4. 
(1) When h = (n, n, . . . , n), Hess(S, h) is the flag variety Fℓ(Cn).
(2) If we associate a Hessenberg function h with the space

H(h) = {(ai,j)1≤i,j≤n ∈ Matn×n(C) | ai,j = 0 for i > h(j)},

then we can get an alternative definition of Hessenberg varieties given in [11]:
Hess(S, h) = {gB ∈ GLn(C)/B | g−1Sg ∈ H(h)}.

From this definition, it follows easily that for any g ∈ GLn(C), we have
Hess(g−1Sg, h) = g−1 Hess(S, h),

which is isomorphic to Hess(S, h).
(3) A regular semisimple Hessenberg variety Hess(S, h) is connected if and only if h(i) ≥ i+1 for 

all i < n, or equivalently, if the incomparability graph inc(h) is connected. If h(i) = i for some 
i, then the connected components of Hess(S, h) are smaller Hessenberg varieties. See [21] for 
more general cases.

From now on, we assume that S is a diagonal matrix with distinct eigenvalues. It was established 
in [11, Section III] that the Hessenberg variety Hess(S, h) admits an affine cell decomposition: 

Hess(S, h) =

⨆
w∈Sn

(
Ω◦

w ∩ Hess(S, h)
)
. (2.3)

For each w ∈ Sn, the intersection Ω◦

w,h := Ω◦
w ∩Hess(S, h) is isomorphic to Cdh−ℓh(w), and it is called 

the opposite Hessenberg Schubert cell indexed by w, where

ℓh(w) = |{(i, j) | i < j, w(i) > w(j), j ≤ h(i)}| .

In this paper, we focus on regular semisimple Hessenberg varieties and opposite Hessenberg 
Schubert cells. For simplicity, we omit the term ‘opposite’ when we deal with (opposite) Hessenberg 
Schubert cells Ω◦

w,h.

Proposition 2.5 ([23]). A regular semisimple Hessenberg variety Hess(S, h) is a T-stable subvariety of 
Fℓ(Cn), and it is a GKM variety with the associated GKM graph Γh = (V , E), where V = Sn and 
E = {{u, v} | v = u(i, j) for 1 ≤ i < j ≤ h(i)}.

Note that Γh is independent of the choice of S.
The closure Ωw,h := Ω◦

w,h = Ω◦
w ∩ Hess(S, h), is called the (opposite) Hessenberg Schubert variety

indexed by w. Then Ωw,h is contained in Ω◦
w ∩ Hess(S, h) = Ωw ∩ Hess(S, h), so it is an irreducible 

component of 

Ωw ∩ Hess(S, h) =

⨆
v⪰w

Ω◦

v,h . (2.4)

Since Ωw and Hess(S, h) are T -stable subvarieties of Fℓ(Cn) and Ωw,h is irreducible, Ωw,h is also 
T -stable. In the following, we characterize ΩT

w,h.

Proposition 2.6 ([9,10,17]). Let h be a Hessenberg function on [n]. For a permutation w ∈ Sn, let ̃w be 
the unique permutation in Gh satisfying (1.1). Then the following statements hold.

(1) If w ∈ Gh, then ΩT
w,h is identified with the Bruhat interval [w,w0].

(2) If w ̸∈ Gh, then ΩT
w,h is identified with the set ww̃−1

[w̃, w0].

In particular, ΩT
w,h and ΩT

w̃,h have the same cardinality.

It should be noted that if w ̸∈ G , then ΩT  does not form an interval.
h w,h
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Example 2.7. When h = (3, 3, 4, 4), we get
Gh = {1234, 1423, 2134, 2341, 2431, 3241, 3412, 3421, 4123, 4231, 4312, 4321}.

Note that w = 1324 ̸∈ Gh because h(2) = 3 < w−1(4) = 4, and w̃ = 1423 is the unique 
permutation in Gh satisfying (1.1). In this case, w0 ∈ ΩT

w,h, but the permutation 1432 ̸∈ ΩT
w,h even 

though w ≺ 1432 ≺ w0.

The smoothness of the intersection of a Schubert variety indexed by w ∈ Gh and the Hessenberg 
variety implies the smoothness of the Hessenberg Schubert varieties indexed by the permutations in 
the same class in the following way. Recall that we fix a diagonal matrix S with distinct eigenvalues 
and the Hessenberg Schubert varieties Ωw,h are defined inside Hess(S, h).

Proposition 2.8. For w ∈ Sn, let ̃w be the unique permutation in Gh satisfying (1.1). Then the following 
statements hold:

(1) If Ωw̃ ∩Hess(S, h) is smooth, then so is Ωw̃,h. In particular, if Ωw̃ ∩Hess(S, h) is connected, then 
Ωw̃ ∩ Hess(S, h) = Ωw̃,h.

(2) If Ωw̃ ∩ Hess(u−1Su, h) is smooth, then Ωw,h is smooth, where u = ww̃−1.

Proof. 
(1) Note that Ωw̃,h is an irreducible component of Ωw̃ ∩Hess(S, h). If Ωw̃ ∩Hess(S, h) is smooth, 

then every connected component is smooth and irreducible, so Ωw̃,h is smooth.
(2) It is shown in [17, Proposition 3.14], [10, Lemma 4.5], and [9, Proposition 3.8] that Ωw,h =

u(Ω◦

w̃ ∩ Hess(u−1Su, h)) where u = ww̃−1. Note that Ωw̃,h = Ω◦

w̃ ∩ Hess(S, h) and u−1Su
is obtained from S by permuting the diagonal entries. If Ωw̃ ∩ Hess(u−1Su, h) is smooth, 
then Ω◦

w̃ ∩ Hess(u−1Su, h) is smooth by (1). Hence, Ωw,h is also smooth because the left 
multiplication by u preserves the smoothness. □

We next describe several properties of elements w ∈ Gh. 

Lemma 2.9. If w ̸∈ Gh, the intersection Ωw ∩ Hess(S, h) is reducible.

Proof. Note that
(Ωw ∩ Hess(S, h))T = ΩT

w ∩ Hess(S, h)T = ΩT
w = [w,w0]

since Hess(S, h)T = Sn. By [17, Lemma 2.11], if w̃ is the element Gh corresponding to w ∈ Sn, 
then w ≤ w̃ in the Bruhat order. It follows from Proposition  2.6 that ΩT

w,h = [w,w0] if and only if 
w ∈ Gh. Hence, if w ̸∈ Gh, we obtain

ΩT
w,h = ww̃−1

[w̃, w0] ⊊ [w,w0] = (Ωw ∩ Hess(S, h))T ,

so Ωw,h ⊊ Ωw ∩ Hess(S, h). Therefore, the intersection Ωw ∩ Hess(S, h) is reducible. □

Note that Ωw ∩Hess(S, h) can be reducible even if w ∈ Gh. For instance, when h = (3, 3, 4, 4) and 
w = 2134 ∈ Gh, the intersection Ωw ∩ Hess(S, h) is connected but reducible, see [18, Example 6.5]. 
In this case, the corresponding opposite Hessenberg Schubert variety Ωw,h is smooth.

We let Γw,h be the subgraph of Γh induced by the torus fixed point set ΩT
w,h. Then for w ∈ Gh, 

Γw,h becomes the GKM graph of Ωw ∩ Hess(S, h) by (2.4) for any diagonal matrix S with distinct 
eigenvalues. As we will see below, ΩT

w,h and ΩT
w̃,h induce the isomorphic subgraphs of Γh.

Lemma 2.10. For w ∈ Sn, Γw,h is isomorphic to Γw̃,h.

Proof. For each w ∈ Sn, by the definition of Γw,h, there is an edge {u, v} ∈ E(Γw,h) if and only 
if there exists a transposition (i, j) such that u(i, j) = v and 1 ≤ i < j ≤ h(i). If w ̸∈ Gh, then 
ΩT

w,h = {ww̃−1u | u ∈ [w̃, w0]} by Proposition  2.6. Therefore, for u′
= ww̃−1u and v′

= ww̃−1v in 
ΩT , {u′, v′

} is an edge of Γ  if and only if {u, v} is an edge of Γ . □
w,h w,h w̃,h
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Fig. 2. The induced subgraphs Γw̃,h and Γw,h of Γh for a Hessenberg function h = (3, 3, 4, 4) and w = 1324.

As an example, Fig.  2 shows the case h = (3, 3, 4, 4) and w = 1324, where both Γw,h and Γw̃,h
are isomorphic to the graph of the hexagonal prism.

Proposition 2.11. If Ωw ∩Hess(S, h) is smooth and connected, then w ∈ Gh and Γv,h is a regular graph 
for any permutation v with ̃v = w.

Proof. Suppose that w /∈ Gh. Then Ωw ∩Hess(S, h) is reducible by Lemma  2.9. Since we assume that 
it is connected, the intersection Ωw ∩Hess(S, h) cannot be smooth. This contradicts our assumption.

For the latter part, by Lemma  2.10, it suffices to show the regularity of Γw,h for w ∈ Gh.
Since Ωw ∩ Hess(S, h) is a T -stable subvariety of Fℓ(Cn), if it is smooth, it follows from [5, 

Corollary 2] that the number of T -stable curves meeting at each T -fixed point equals the dimension 
of Ω◦

w ∩ Hess(S, h). Therefore, Γw,h is a regular graph. □

3. Properties of h-Bruhat order and the graphs Γw,h

In this section, we first introduce the notion of the h-Bruhat order and investigate the properties 
of the order in relation to the Bruhat order. Subsequently, in the second subsection, we proceed to 
look at the graph Γw,h for w ∈ Gh; we define a nice injective map from the set of incident edges 
of u to that of v when v is greater than u in the h-Bruhat order. Finally, we use the injection to 
introduce seven special patterns that a permutation w ∈ Gh has to avoid for Γw,h to be regular.

3.1. The h-Bruhat order

Proposition  2.6 characterizes the T -fixed points of Hessenberg Schubert varieties for w ∈ Gh in 
relation to the Bruhat order; ΩT

w,h = [w,w0]. It is natural to ask if ΩT
w,h can be characterized in 

terms of an order on Sn, which respects the Hessenberg function h in some way. Indeed, we can 
think of a natural order that respects h:

Definition 3.1. Let h : [n] → [n] be a Hessenberg function.
(1) The h-Bruhat order on Sn is the transitive closure of the following relation

u ≺h v  if and only if v = u(i, j) for some (i, j) such that j ≤ h(i) and ℓ(v) > ℓ(u).

(2) For permutations u ≺ v, let [u, v]  denote the h-Bruhat interval {w | u ⪯ w ⪯ v}.
h h h h
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By definition, the Bruhat order refines the h-Bruhat order; that is, if u ≺h v, then u ≺ v. The 
Hasse diagram of the h-Bruhat order is connected if and only if h(i) > i for all i < n, which, by 
Remark  2.4 (3), is equivalent to the connectedness of Hess(S, h). When h(i) = i for some i < n, the 
unique maximum permutation w0 in the Bruhat order is not the maximum in the h-Bruhat order: 
if h = (2, 3, 3, 5, 5), then 54231 ̸≺h 54321 = w0. However, we obtain the following lemma when 
w ∈ Gh.

Lemma 3.2. For a Hessenberg function h and w ∈ Gh, if w ⪯h u, then u ⪯h w0.

Proof. Let h be a Hessenberg function on [n]. If h(i) > i for all i < n, then we can successively apply 
the adjacent transpositions to u on the right to make a chain u ≺h u1 ≺h u2 ≺h · · · ≺h ul ≺h w0; 
first move 1 to the nth position, then move 2 to the (n − 1)st position, and so on until we obtain 
w0.

If h(i) = i for some i < n, let 0 = i0 < i1 < i2 < · · · < ik = n be the indices satisfying 
h(ij) = ij for j ∈ [k], and set Ij := [ij−1 + 1, ij]. Then [n] =

⨆
j Ij. We first observe that if 

x = w(i) for i ∈ Ij then x + 1 = w(i′) for i′ ∈ Ij′  with j′ ≤ j since w ∈ Gh. This implies 
that w(Ij) = {w(ij−1), . . . , w(ij)} = [n − ij + 1, n − ij−1] for all j ∈ [k]. We then consider the 
condition w ⪯h u. By the definition of the h-Bruhat order, to obtain u from w we can only apply 
the transpositions inside each Ij; that is (i, i′)’s such that i, i′ ∈ Ij for some j. This shows that 
u(Ij) = w(Ij) for all j ∈ [k]. For each j, we can consider the restriction uj

:= u|Ij  of u on Ij as 
a permutation on [n − ij + 1, n − ij−1] and we successively apply adjacent transpositions inside 
each Ij to obtain the permutation wj

0 := (n − ij−1) (n − ij−1 − 1) . . . (n − ij + 1) as we did in the 
proof of the first case that h(i) > i. This defines a chain uj

≺h uj
1 ≺h · · · ≺h uj

l(j) = w
j
0, and 

we let t ji  be the transposition satisfying u
j
i−1t

j
i = uj

i for i ∈ [l(j)]. We can now construct a chain 
u ≺h u1 ≺h · · · ≺h ul = w0 where l =

∏
j l(j), by applying the transpositions t

j
i  in the following 

order: t11 , . . . , t1l(1), t21 , . . . , t2l(2), . . . , tk1, . . . , tkl(k). This completes the proof. □

There is a nice result on the T -fixed set of Ωw,h in relation to the h-Bruhat order.

Proposition 3.3 ([10, Proposition 2.11]). Let h be a Hessenberg function and w be a permutation. If 
v ∈ ΩT

w,h, then w ⪯h v. In particular, for w ∈ Gh, if w ⪯ v, then w ⪯h v.

This proposition implies that for w ∈ Gh, the graph Γw,h is connected, and equivalently, the 
intersection Ωw ∩ Hess(S, h) is connected.

Now, we can characterize the T -fixed points of the Hessenberg Schubert variety in terms of the 
h-Bruhat order. Proposition  3.3 together with Lemma  3.2 prove the following theorem.

Theorem 3.4. Let w be a permutation in Gh for a Hessenberg function h. Then, as sets
[w,w0]h = [w,w0].

The graph Γh in Fig.  3 is the Hasse diagram of the h-Bruhat order when h = (3, 3, 4, 4). 
One can check that w = 2134 ∈ Gh and [w,w0]h = [w,w0], while w′

= 4213 ̸∈ Gh and 
[w′, w0]h = {4213, 4231, 4321} ̸= [w′, w0] = [w′, w0]h ∪ {4312}.

Finally, we show that the chain property of the Bruhat order extends to the h-Bruhat order.

Theorem 3.5 (Chain Property of the h-Bruhat Order). Let h be a Hessenberg function on [n]. If u ≺h v
in Sn, then there exist vi ∈ Sn satisfying ℓ(vi) = ℓ(u) + i for 0 ≤ i ≤ k, and u = v0 ≺h v1 ≺h · · · ≺h
vk = v.

Proof. We show that ‘if u ≺h u(a, b) with b ≤ h(a) then there is a chain u = v0 ≺h v1 ≺h · · · ≺h
vk := u(a, b) with ℓ(vi) = ℓ(u) + i for i = 1, . . . , k.’ This will prove the theorem by the definition of 
the h-Bruhat order.

Suppose that u ≺h u(a, b) with b ≤ h(a), then by Proposition  2.3 there is a chain u = v0 ≺ v1 ≺

· · · ≺ v = u(a, b) with ℓ(v ) = ℓ(u) + i for 0 ≤ i ≤ k. The main observation is that, if we only 
k i
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Fig. 3. The induced subgraph Γw,h of Γh for a Hessenberg function h = (3, 3, 4, 4) and w = 2134 ∈ Gh .

look at the subsequence u(a)u(a + 1) · · · u(b) of u and u(b)u(a + 1) · · · u(a) of u(a, b), then they are 
permutations of {u(a), u(a + 1) · · · , u(b)}. Thus, we can locally apply the chain property to obtain 
a chain from u(a)u(a + 1) · · · u(b) to u(b)u(a + 1) · · · u(a), which means that we can assume that 
vi+1 = vi(ai, bi) for a ≤ ai < bi ≤ b. This implies that bi ≤ h(ai) and vi ≺h vi+1, which completes 
the proof. □

3.2. An injection for the GKM graphs Γw,h

Recall that for a Hessenberg function h, if w ∈ Gh, then Γw,h is the GKM graph of Ωw ∩Hess(S, h)
and it is the induced subgraph of Γh whose vertex set is [w,w0] = [w,w0]h. Note that {u, v} is an 
edge of Γw,h if and only if w ⪯ u, v and u = v(i, j) for some (i, j) with j ≤ h(i). For each vertex u in 
Γw,h, we denote by

Ew,h(u) := {(i, j) | u(i, j) ⪰ w for 1 ≤ i < j ≤ h(i)}

the set of transpositions (i, j) satisfying that {u, u(i, j)} is an edge of Γw,h. Thus, it is evident that

Ew,h(w) = {(i, j) | w(i) < w(j) for 1 ≤ i < j ≤ h(i)}.

For vertices u and v in Γw,h satisfying that v = u(a, b) for some (a, b) ∈ Ew,h(u) and u ≺h v, we 
define a map φuv : Ew,h(u) → Ew,h(v) by (i, j) ↦→ (i, j), where

(i, j) :=

⎧⎨⎩
(b, j) if i = a, j > b, and (b, j) ̸∈ Ew,h(u),
(i, a) if i < a, j = b, and (i, a) ̸∈ Ew,h(u),
(i, j) otherwise.

The map φuv is defined for two vertices u and v that are connected by an edge in Γw,h. It is 
defined almost as the identity map. Since

{(i, j) ∈ E (u) | {i, j} ∩ {a, b} = ∅} = {(i, j) ∈ E (v) | {i, j} ∩ {a, b} = ∅},
w,h w,h
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it is natural to define the map φuv as the identity on this subset. When {i, j} ∩ {a, b} ̸= ∅, the 
definition of φuv takes a different form; in particular, the first and the second cases of the definition 
correspond to specific subcases of this situation, where φuv differs from the identity map. We exhibit 
two examples of the map φuv .

Example 3.6. Consider a permutation w = 2134 ∈ Gh for the Hessenberg function h = (3, 3, 4, 4). 
The graph Γw,h is depicted in Fig.  3.

(1) If u = 2314 and v = u(3, 4) = 2341, then we have Ew,h(u) = {(1, 2), (2, 3), (3, 4)} and 
Ew,h(v) = {(1, 2), (1, 3), (2, 3), (3, 4)}. The map φuv : Ew,h(u) → Ew,h(v) is an injection defined 
by φuv(i, j) = (i, j) for all (i, j) ∈ Ew,h(u).

(2) If u = 3124 and v = u(2, 3) = 3214, then we have Ew,h(u) = {(1, 3), (2, 3), (3, 4)} and 
Ew,h(v) = {(1, 2), (2, 3), (3, 4)}. The map φuv sends (1, 3) to (1, 2) and fixes the others.

Lemma 3.7. Let w be a permutation in Gh for a Hessenberg function h. If u and v are vertices in Γw,h
satisfying that v = u(a, b) for some (a, b) ∈ Ew,h(u) and u ≺h v, then the map φuv : Ew,h(u) → Ew,h(v)
is well-defined and injective.

Proof. From the definition of φuv , it is enough to show that the map φuv is well-defined. Indeed, for 
every (i, j) with {i, j} ∩ {a, b} ̸= ∅, we have

φuv((i, j)) ∈ {(ī, j̄) ∈ Ew,h(v) | {ī, j̄} ∩ {a, b} ̸= ∅}.

Since the images of distinct elements in Ew,h(u) remain disjoint in Ew,h(v), no two different pairs 
in the domain can be mapped to the same element, and thus φuv is injective. Specifically, suppose 
that (ī, j̄) = (b, j) = (k̄, ℓ̄) = (k, ℓ). When (ī, j̄) = (b, j), either

• i = a, j > b, and (b, j) /∈ Ew,h(u), or
• (i, j) = (b, j).

However, the above two cases can never occur simultaneously, and hence we must have (i, j) =

(k, ℓ).
Note that from the assumption, we have a < b ≤ h(a), u(a) < u(b), and v(a, b) = u ⪰ w. 

Let (i, j) ∈ Ew,h(u). We show that φuv is well-defined by showing i < j ≤ h(i) and v(i, j) ⪰ w. 
If (i, j) = (a, b), then φuv(a, b) = (a, b). If {i, j} ∩ {a, b} = ∅, then (i, j) = (i, j) so that we have 
i < j ≤ h(i) and

v(i, j) = v(i, j) = u(a, b)(i, j) = u(i, j)(a, b) ≻ u(i, j) ⪰ w.

Hence, if |{i, j} ∩ {a, b}| ̸= 1, then φuv is well-defined. For the remaining (i, j), we split them into 
four cases as follows.

Case (i) Let i = a and j < b. Since φuv(a, j) = (a, j), we only need to show that v(a, j) ⪰ w. In 
this case, since (u(a, j))(j) = u(a) < u(b) = (u(a, j))(b), by Lemma  2.2

v(a, j) = u(a, j)(j, b) ≻ u(a, j) ⪰ w.

Case (ii) Let i > a and j = b. Similarly to the above case, since φuv(i, b) = (i, b), let us show 
v(i, b) ⪰ w. Since (u(i, b))(a) = u(a) < u(b) = (u(i, b))(i), we have

v(i, b) = u(i, b)(a, i) ≻ u(i, b) ⪰ w.

Case (iii) Let i < a and j ∈ {a, b}. First, consider the subcase j = a so that (i, a) ∈ Ew,h(u) and 
φuv(i, a) = (i, a). Then since (u(i, a))(i) = u(a) < u(b) = (u(i, a))(b), we have

v(i, a) = u(a, b)(i, a) = u(i, a)(i, b) ≻ u(i, a) ⪰ w,

and φ (i, a) = (i, a) is in E (v).
uv w,h
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Now consider the subcase j = b so that (i, b) ∈ Ew,h(u). If (i, a) ∈ Ew,h(u), then φuv(i, b) = (i, b). 
Then since u(i, a), u(i, b) ⪰ w, and

(v(i, b))[k] =

{
(u(i, a))[k] if k < a,
(u(i, b))[k] otherwise,

for all k, we have v(i, b) ⪰ w by Proposition  2.1 (2) and φuv(i, b) = (i, b) is in Ew,h(v).
On the other hand, if (i, a) ̸∈ Ew,h(u), then φuv(i, b) = (i, a). Here, i < a < b ≤ h(i). In this 

case, we need to show that v(i, a) ⪰ w. If u(i) < u(b), then v(i, a) ≻ v ⪰ w. Otherwise, we have 
u(a) < u(b) < u(i), so it follows that

v(i, a) = u(i, b)(a, b) ≻ u(i, b) ⪰ w

since (u(i, b))(a) = u(a) < u(i) = (u(i, b))(b).
Case (iv) Let i ∈ {a, b} and j > b. We proceed as in Case (iii). First, consider the subcase i = b so 

that (b, j) ∈ Ew,h(u) and φuv(b, j) = (b, j). Since (u(b, j))(a) = u(a) < u(b) = (u(b, j))(j), we have
v(b, j) = u(a, b)(b, j) = u(b, j)(a, j) ≻ u(b, j) ⪰ w.

Now consider the subcase i = a so that (a, j) ∈ Ew,h(u). If (b, j) ∈ Ew,h(u), then φuv(a, j) = (a, j). Then 
v(a, j) ⪰ w as u(a, j), u(b, j) ⪰ w and for all k

(v(a, j))[k] =

{
(u(a, j))[k] if k < b, 
(u(b, j))[k] otherwise ,

and φuv(a, j) = (a, j) is in Ew,h(v).
On the other hand, if (b, j) ̸∈ Ew,h(u), then φuv(a, j) = (b, j). Here, a < b < j ≤ h(a) ≤ h(b). In this 

case, we need to show that v(b, j) ⪰ w. If u(a) < u(j), then v(b, j) ≻ v ⪰ w. Otherwise, we have 
u(j) < u(a) < u(b), so it follows that

v(b, j) = u(a, j)(a, b) ≻ u(a, j) ⪰ w

since (u(a, j))(a) = u(j) < u(b) = (u(a, j))(b).
Thus, we conclude that φuv is well-defined. □

The following theorem is immediate from the previous lemma due to Lemma  3.2 and Theorem 
3.5.

Theorem 3.8. For a Hessenberg function h and a permutation w ∈ Gh, if u and v are vertices in Γw,h
with u ⪯h v, then |Ew,h(u)| ≤ |Ew,h(v)|. Furthermore, |Ew,h(w)| ≤ |Ew,h(w0)|.

For example, Fig.  3 shows that strict inequality may hold in the previous theorem. Here, 
|Ew,h(u)| = 3 and |Ew,h(v)| = 4 for red vertices u and black vertices v, respectively.

3.3. Associated patterns for irregularity

Recall that for a Hessenberg function h = (n, n, . . . , n), the induced subgraph Γw,h is irregular if 
and only if w ∈ Sn contains pattern 2143 or pattern 1324. We provide seven patterns associated 
with a Hessenberg function h for irregularity of Γw,h when w ∈ Gh. Using the injection φuv that we 
defined in the previous section, we show that Γw,h is not regular when w ∈ Gh contains one of the 
seven patterns.

Definition 3.9. Let h be a Hessenberg function on [n]. For a permutation w ∈ Sn, we say that w
contains the associated pattern

(1) 2143h if w(j) < w(i) < w(ℓ) < w(k) for some i < j < k < ℓ ≤ h(i);
(2) 1324h if w(i) < w(k) < w(j) < w(ℓ) for some i < j < k < ℓ ≤ h(j) with k ≤ h(i);
(3) 1243h if w(i) < w(j) < w(ℓ) < w(k) for some i < j < k < ℓ ≤ h(j) with j ≤ h(i) < ℓ;
(4) 2134  if w(j) < w(i) < w(k) < w(ℓ) for some i < j < k < ℓ ≤ h(k) with k ≤ h(i) < ℓ;
h
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Fig. 4. Seven associated patterns with induced subgraphs of inc(h) on {i, j, k, ℓ}.

(5) 1423h if w(i) < w(k) < w(ℓ) < w(j) for some i < j < k < ℓ ≤ h(j) with k ≤ h(i) < ℓ;
(6) 2314h if w(k) < w(i) < w(j) < w(ℓ) for some i < j < k < ℓ ≤ h(j) with k ≤ h(i) < ℓ;
(7) 2413h if w(k) < w(i) < w(ℓ) < w(j) for some i < j ≤ h(i) < k ≤ h(j) < ℓ ≤ h(k).

Fig.  4 presents all possible induced subgraphs with the set {j, j, k, ℓ} of vertices of the incom-
parability graph of the Hessenberg function h, for each associated pattern defined in Definition 
3.9.

Since all the patterns in Definition  3.9 have length four, every incomparability graph whose 
connected components consist of at most three vertices automatically avoids all such patterns. 
Therefore, to detect the occurrence of an associated pattern, it suffices to examine only the parts of 
the graph that contain connected components with at least four vertices. To check whether w ∈ Gh
contains the associated pattern ph, we first determine whether w itself contains the permutation 
pattern p. If it does, i.e., w(i)w(j)w(k)w(ℓ) has the same relative order as p, then we examine the 
induced subgraph of inc(h) obtained by restricting to the vertices {i, j, k, ℓ}, and verify whether it 
coincides with the corresponding graph shown in Fig.  4.

Example 3.10. Let h = (3, 5, 6, 6, 6, 7, 8, 8) be a Hessenberg function. Its incomparability graph is 
given in Fig.  5. Consider the permutation w = 2 7 3 1 8 4 5 6 ∈ Gh.

For illustration, we examine several of the subwords of w. To determine whether each subword 
corresponds to an associated pattern, we consider the induced subgraph of inc(h) corresponding to 
that subword.

• The subwords 3184, 2738, 2714, and 1845 correspond to the patterns 2143, 1324, 2413, and 
1423, respectively.

• The subgraphs of inc(h) induced by {3, 4, 5, 6}, {1, 2, 3, 5}, {1, 2, 4, 6}, and {4, 5, 6, 7} are 
shown in Fig.  5.

Based on these, w has the associated patterns 2143h, 1324h, and 2413h. However, the subword 1845 
does not yield the pattern 1423h, since the induced subgraph on {4, 5, 6, 7} lacks the edge {5, 7}.

Remark 3.11. 
(1) When h = (2, 3, . . . , n, n), the corresponding Hessenberg variety is the permutohedral 

variety, which is a smooth projective toric variety. From the definition, every permutation 
avoids the patterns (1) to (6). Furthermore, every permutation in Gh of the permutohedral 
variety avoids the pattern 2413, see [10, Lemma 5.21]. For w ∈ Gh, Γw,h forms a face 
containing w and w0 in the permutohedron and the Hessenberg Schubert variety Ωw,h is 
the smooth toric variety corresponding to the face. Furthermore, for w ∈ Sn, the Hessenberg 
Schubert variety Ωw,h is isomorphic to Ωw̃,h and it is the smooth toric variety corresponding 
to the face of the permutohedron whose 1-skeleton forms Γw,h. See Fig.  6.

(2) Recently, Insko, Precup, and Woo [19] classified all singular permutation flags in each regular 
Hessenberg variety with the Hessenberg function (2, 3, . . . , n, n) of type A, relating them to 
14
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Fig. 5. The incomparability graph of h = (3, 5, 6, 6, 6, 7, 8, 8) and several of its induced subgraphs.

Fig. 6. The induced subgraphs Γw,h (in red) and Γw̃,h (in black) of Γh for h = (2, 3, 4, 4) and w = 1342.

certain combinatorial patterns, and further generalized these results to all Lie types using 
root-theoretic data. Since we only consider regular semisimple Hessenberg varieties, we 
obtain the same result only in the case corresponding to (1).

Theorem 3.12. For a Hessenberg function h and w ∈ Gh, if w contains one of associated patterns in the 
set {2143h, 1324h, 1243h, 2134h, 1423h, 2314h, 2413h}, then the graph Γw,h is irregular.

Proof. By Lemma  3.7, the map φuv : Ew,h(u) → Ew,h(v) is injective for every edge {u, v} ∈ Γw,h with 
u ≺ v. For a permutation w containing an associated pattern in Definition  3.9, to show that Γw,h is 
irregular, we find an appropriate edge {u, v} of Γ  with u ≺ v such that φ  is not surjective.
w,h uv
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Case 2143h. Suppose that w(j) < w(i) < w(ℓ) < w(k) for some i < j < k < ℓ ≤ h(i). Set 
u := w(i, k)(j, k) and v := u(k, ℓ). Note that (i, k) ∈ Ew,h(v) since k ≤ h(i) and

v(i, k) = w(j, ℓ)(i, j) ≻ w(j, ℓ) ≻ w.

In this case, if φuv(τ ) = (i, k), then τ ∈ {(i, k), (i, ℓ)}. However, u(i, k) = w(i, j) ≺ w and u(i, ℓ) ̸⪰ w
since

(u(i, ℓ))[k]↑= {w(1), w(2), . . . , w(k − 1), w(ℓ)}↑< w[k]↑ .

Therefore (i, k), (i, ℓ) ̸∈ Ew,h(u) and φuv is not surjective.
Case 1324h. Suppose that w(i) < w(k) < w(j) < w(ℓ) for some i < j < k < ℓ ≤ h(j) with 

k ≤ h(i). Set u := w(k, ℓ) and v := u(i, k). Note that (j, ℓ) ∈ Ew,h(v) since ℓ ≤ h(j) and
v(j, ℓ) = w(i, k)(j, ℓ)(i, j) ≻ w(i, k)(j, ℓ) ≻ w(i, k) ≻ w.

By the definition of φuv , if φuv(τ ) = (j, ℓ), then τ  must be (j, ℓ). However,

(u(j, ℓ))[j]↑= {w(1), w(2), . . . , w(j − 1), w(k)}↑< w[j]↑,

and this yields that u(j, ℓ) ̸⪰ w. Hence (j, ℓ) ̸∈ Ew,h(u) and φuv is not surjective.
Case 1243h. Suppose that w(i) < w(j) < w(ℓ) < w(k) for some i < j < k < ℓ ≤ h(j) with 

j ≤ h(i) < ℓ. Set u := w(j, k) and v := u(i, j). Note that (j, ℓ) ∈ Ew,h(v) since ℓ ≤ h(j) and 
v(j, ℓ) ≻ v ⪰ w. In this case, if φuv(τ ) = (j, ℓ), then τ  must be (j, ℓ) since h(i) < ℓ. However, 
u(j, ℓ) ̸⪰ w since

(u(j, ℓ))[k]↑= {w(1), w(2), . . . , w(k − 1), w(ℓ)}↑< w[k]↑ .

So (j, ℓ) ̸∈ Ew,h(u) and φuv is not surjective.
Case 2134h. Suppose that w(j) < w(i) < w(k) < w(ℓ) for some i < j < k < ℓ ≤ h(k) with 

k ≤ h(i) < ℓ. Set u := w(j, k) and v := u(k, ℓ). Note that (i, k) ∈ Ew,h(v) since k ≤ h(i) and 
v(i, k) ≻ v ⪰ w. Similarly to the above case, if φuv(τ ) = (i, k), then τ  must be (i, k) since h(i) < ℓ. 
However, u(i, k) ̸⪰ w since

(u(i, k))[i]↑= {w(1), w(2), . . . , w(i − 1), w(j)}↑< w[i]↑ .

Thus (i, k) ̸∈ Ew,h(u) and φuv is not surjective.
Case 1423h. Suppose that w(i) < w(k) < w(ℓ) < w(j) for some i < j < k < ℓ ≤ h(j) with 

k ≤ h(i) < ℓ. Set u := w(i, k) and v := u(i, j). Note that (j, ℓ) ∈ Ew,h(v) since ℓ ≤ h(j) and 
v(j, ℓ) ≻ v ⪰ w. Similarly to the above case, if φuv(τ ) = (j, ℓ), then τ  must be (j, ℓ) since h(i) < ℓ. 
However, u(j, ℓ) ̸⪰ w since

(u(j, ℓ))[k]↑= ((w[k] − {w(j)}) ∪ {w(ℓ)})↑< w[k]↑ .

Thus (j, ℓ) ̸∈ Ew,h(u) and φuv is not surjective.
Case 2314h. Suppose that w(k) < w(i) < w(j) < w(ℓ) for some i < j < k < ℓ ≤ h(j) with 

k ≤ h(i) < ℓ. Set u := w(j, ℓ) and v := u(k, ℓ). Note that (i, k) ∈ Ew,h(v) since k ≤ h(i) and 
v(i, k) ≻ v ⪰ w. Again, if φuv(τ ) = (i, k), then τ  must be (i, k) since h(i) < ℓ. However, u(i, k) ̸⪰ w
since

(u(i, k))[i]↑= {w(1), w(2), . . . , w(i − 1), w(k)}↑< w[i]↑ .

Thus (i, k) ̸∈ Ew,h(u) and φuv is not surjective.
Case 2413h. Suppose that w(k) < w(i) < w(ℓ) < w(j) for some i < j ≤ h(i) < k ≤ h(j) < ℓ ≤

h(k). Set u := w(i, j) and v := u(k, ℓ). Note that (j, k) ∈ Ew,h(v) since k ≤ h(j) and v(j, k) ≻ v ⪰ w. 
Again, if φuv(τ ) = (j, k), then τ  must be (j, k) since h(j) < ℓ. However, u(j, k) ̸⪰ w since

(u(j, k))[j]↑= ((w[j] − {w(i)}) ∪ {w(k)})↑< w[j]↑ .

Thus (j, k) ̸∈ Ew,h(u) and φuv is not surjective. This completes the proof. □

As a consequence of Theorem  3.12, we can provide a necessary condition for Ωw ∩Hess(S, h) to 
be smooth when w ∈ G .
h
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Theorem 3.13. For a Hessenberg function h, if w is a permutation in Gh containing one of the 
associated patterns in the set {2143h, 1324h, 1243h, 2134h, 1423h, 2314h, 2413h}, then the intersection 
Ωw ∩ Hess(S, h) is not smooth.

Proof. If w is a permutation in Gh containing one of the associated patterns in the set above, then 
Γw,h is an irregular graph by Theorem  3.12. Therefore, Ωw∩Hess(S, h) is not smooth by Propositions 
2.11 and 3.3. □

4. Regularity of the graphs Γw,h

In this section, we aim to characterize the regularity of Γw,h in terms of pattern avoidance. First, 
we focus on the permutations in Gh for the given Hessenberg function h and extend our work 
described in Theorem  3.12 by considering the converse of the theorem. The permutations in Gh
avoiding the seven patterns have nice properties that ensure the regularity of Γw,h. Subsequently, 
we assess more patterns to deal with an arbitrary permutation. The fact that for each w there exists 
a unique permutation ̃w ∈ Gh satisfying (1.1), where Γw,h and Γw̃,h are isomorphic graphs, plays an 
essential role.

4.1. Well-aligned permutations in Gh

For a permutation w ∈ Sn, we define
Y (w) := {w(i) | i ≥ w−1(1) and w(i) ≤ w(n)}.

We always have 1 ∈ Y (w), and we denote the elements of Y (w) as Y (w) = {y0, y1, . . . , yr} with 
y0 = 1 < y1 < · · · < yr = w(n), where it is possible that y0 = yr  (i.e., Y (w) may consist of a single 
element, namely 1). The following lemma shows some properties of permutations in Gh.

Lemma 4.1. For a Hessenberg function h, let w be a permutation in Gh.

(1) If h(i) < j and w(i) < w(j), then there exist x and z with i < x ≤ h(i) < j and i < z < j ≤ h(z)
such that w(i) < w(x) and w(z) < w(j).

(2) If Y (w) = {y0, y1, . . . , yr}, then w−1(yi) ≤ h(w−1(yi−1)) for 1 ≤ i ≤ r.

Proof. Recall that w−1(a + 1) ≤ h(w−1(a)) for 1 ≤ a ≤ n − 1 since w ∈ Gh.

(1) Let w(x) be the smallest integer satisfying that i < x and w(i) < w(x). Then i < x ≤

h(w−1(w(x) − 1)) ≤ h(i) < j and w(x) < w(j) since w(x) is the smallest and w ∈ Gh. 
Similarly, let w(z) be the largest integer satisfying that z < j and w(z) < w(j). Then 
i < z < j ≤ w−1(w(z) + 1) ≤ h(z) and w(i) < w(z) since w(z) is the largest and w ∈ Gh.

(2) If yi = yi−1 + 1, then w−1(yi) = w−1(yi−1 + 1) ≤ h(w−1(yi−1)). On the other hand, if 
yi > yi−1 + 1, then yi − 1 ̸∈ Y (w) and w−1(yi − 1) < w−1(1) ≤ w−1(yi−1) so that

w−1(yi) ≤ h(w−1(yi − 1)) ≤ h(w−1(1)) ≤ h(w−1(yi−1)).

This proves the lemma. □

Now, we define the notion of well-aligned permutations and study their properties. We say that 
w ∈ Sn is a well-aligned permutation with Y (w) = {y0, y1, . . . , yr} if it satisfies that w−1(y0) <

w−1(y1) < · · · < w−1(yr ) = n.
For a well-aligned permutation w with Y (w) = {y0, . . . , yr}, we define a sequence of permuta-

tions w0, w1, . . . , wr  associated to w by
w0 := w, wm := (1, ym)wm−1 (m = 1, . . . , r).

We stress that the notation w0 is entirely unrelated to w0, the longest permutation, and should not 
be confused with it. For the sake of simplicity, we let w := w .
r
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Example 4.2. Consider the two permutations w = 213 465 and w′
= 214 365. For w = 213 465, we 

have Y (w) = {1, 3, 4, 5}, and these elements appear in increasing order in the one-line notation. 
Thus w is well-aligned, and we obtain the chain

w0 = 213 465 ≺ w1 = 231 465 ≺ w2 = 234 165 ≺ w = 234 561.

In contrast, for w′
= 214 365, although Y (w′) is the same as Y (w), w′ is not well-aligned since 4 

precedes 3 in w′.

The following proposition shows several properties of w for a well-aligned permutation w ∈ Gh.

Proposition 4.3. For a Hessenberg function h on [n], if w ∈ Gh is well-aligned with Y (w) =

{y0, y1, . . . , yr}, then the following hold.
(1) w ∈ Gh.
(2) [w,w0] = {u ∈ [w,w0] | u(n) = 1}.
(3) {(i, n) ∈ Ew,h(w)} = {(w−1(ys), n) | h(w−1(ys)) = n for 0 ≤ s < r}.

Proof. Note that w−1(a) = w−1(a) for all a ̸∈ Y (w).

(1) Since w ∈ Gh, for 1 ≤ a ≤ n − 1, if a, a + 1 ̸∈ Y (w), then
w−1(a + 1) = w−1(a + 1) ≤ h(w−1(a)) = h(w−1(a)).

Hence, it suffices to show that w−1(a+ 1) ≤ h(w−1(a)) for 1 ≤ a ≤ n− 1 such that a ∈ Y (w)
or a + 1 ∈ Y (w). First, consider the case a ̸∈ Y (w) and a + 1 ∈ Y (w). Let ys − 1 ̸∈ Y (w) for 
some 1 ≤ s ≤ r . Since w ∈ Gh is well-aligned, we have

w−1(ys) = w−1(ys−1) < w−1(ys) ≤ h(w−1(ys − 1)) = h(w−1(ys − 1)).

Now consider the case a = ys for 0 ≤ s ≤ r . If r = 0, then w−1(2) ≤ h(w−1(1)) = n. If s = r , 
then by Lemma  4.1 (2) we have

w−1(yr + 1) < n = w−1(yr ) ≤ h(w−1(yr−1)) = h(w−1(yr )).

For 0 < s < r , if ys + 1 ∈ Y (w), then ys + 1 = ys+1 so that w−1(ys + 1) = w−1(ys). From 
Lemma  4.1 (2) it follows that

w−1(ys + 1) = w−1(ys) ≤ h(w−1(ys−1)) = h(w−1(ys)).

On the other hand, if ys + 1 ̸∈ Y (w), then we have
w−1(ys + 1) = w−1(ys + 1) < w−1(1) < w−1(ys) ≤ h(w−1(ys−1)) = h(w−1(ys)).

(2) Since [w,w0] ⊆ {u ∈ [w,w0] | u(n) = 1}, it suffices to show that w ⪯ u for each u ∈ Sn
with w ⪯ u and u(n) = 1. Suppose that u[k]↑< w[k]↑ for some k. Since w[m] = w[m] for 
m < w−1(1) or m = n, it follows that w−1(1) ≤ k < n and w[k] = (w[k] − {1}) ∪ {ys} for 
some s > 0. More precisely, since w is well-aligned, if we denote w[k]↑, u[k]↑, and w[k]↑
by ordered sets {a1, a2, . . . , ak}, {b1, b2, . . . , bk}, and {c1, c2, . . . , ck}, respectively, then ai = i
and ci = i + 1 for 1 ≤ i < ys, and ai = ci for ys ≤ i ≤ k. Note that w ⪯ u implies that 
ai ≤ bi for 1 ≤ i ≤ k. Hence, if ai ≤ bi < ci for some i, then i < ys so that i ≤ ci < i + 1, or 
equivalently, {c1, c2, . . . , ci} = [i]. This contradicts that u(n) = 1 and k < n. Therefore, there 
is no such k.

(3) We first check the inclusion (⊆). Let (i, n) ∈ Ew,h(w). Then h(i) = n and w(i) < yr  since 
w(i, n) ⪰ w and (w(i, n))[n − 1] = (w[n − 1] − {w(i)}) ∪ {yr}. Note that i < w−1(1) yields 
that (w(i, n))[i] = w[i − 1] ∪ {1} and w(i, n) ̸⪰ w. Hence, i ≥ w−1(1) so that w(i) = ys+1, or 
equivalently w(i) = ys, for some 0 ≤ s < r . Therefore (i, n) = (w−1(ys), n) and h(w−1(ys)) = n.
Now we check the inclusion (⊇). Assume that w(i) = ys and h(i) = n for some i < n. 
By Lemma  2.2 w(i, n) ⪰ w because w(i, n) and w agree everywhere except on positions 
w−1(y0), w−1(y1), . . . , w−1(yr ), and on these positions w(i, n) and w have the subsequences 
y1 . . . ysy0ys+2 . . . yrys+1 and y0 . . . ys−1ysys+1 . . . yr−1yr , respectively. Therefore (w−1(ys), n) ∈

E (w). □
w,h
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For a well-aligned permutation w, we say that w is bottom-packed (respectively, right-packed) 
if yi = i + 1 (respectively, w(n − i) = yr−i) for 0 ≤ i ≤ r . For example, the permutations 
461523 and 426135 are bottom-packed and right-packed, respectively, while 213654 is a well-
aligned permutation that is neither bottom-packed nor right-packed. In the following, we show 
that the map φwm−1wm  is a bijection if w ∈ Gh is a well-aligned permutation that satisfies a certain 
condition.

Proposition 4.4. For a Hessenberg function h on [n], let w ∈ Gh be a well-aligned permutation with 
Y (w) = {y0, y1, . . . , yr} for some r ≥ 1. For 1 ≤ m ≤ r, let wm = wm−1(a, b). If h(p) ≥ b for all 
(p, a) ∈ Ew,h(wm) such that p < w−1(1), then

φwm−1wm : Ew,h(wm−1) → Ew,h(wm)

is a bijection and φwm−1wm (i, j) = (i, j) except φwm−1wm (p, b) = (p, a) for p < w−1(1).
In particular, if w ∈ Gh is bottom-packed, then Ew,h(wm−1) = Ew,h(wm) and φwm−1wm  is an identity 

map.

Proof. For each m, the transposition (a, b) in the statement refers to (w−1(ym−1), w−1(ym)), so it 
depends on m. This agrees with the definition of wm, as wm = (1, ym)wm−1. Since w ∈ Gh we have 
(a, b) ∈ Ew,h(wm−1) by Lemma  4.1 (2), and thus φwm−1wm  is injective by Lemma  3.7. So it suffices to 
check the surjectivity of φwm−1wm . Let

A := Ew,h(wm) − {(p, a) | p < w−1(1)}.

We show that φwm−1wm (i, j) = (i, j) for (i, j) ∈ A and then find the preimage of (p, a) under φwm−1wm

for each (p, a) ∈ Ew,h(wm) with p < w−1(1). Note that since wm = (1, ym)wm−1 = wm−1(a, b), we 
get wm−1(a) = 1 and wm−1(b) = ym.

We first show that A ⊆ Ew,h(wm−1). Let (i, j) ∈ A. It suffices to show that wm−1(i, j) ⪰ w. Note 
that if wm−1(i) < wm−1(j), then wm−1(i, j) ≻ wm−1 ⪰ w. Now we assume that wm−1(i) > wm−1(j). 
Then i ̸= a and i ̸= b since wm−1(a) = 1 and wm−1(b) = ym = minwm−1[a + 1, n], respectively. 
Note that if i < b and j > a, then

(wm(i, j))[k] = (w[k] − {1, wm(i)}) ∪ {ym, w(j)}

for max{a, i} ≤ k < min{b, j}. It follows from wm(i, j) ⪰ w that wm(i) < w(j). However, this 
contradicts w(i) > w(j) since w(i) ≤ wm(i). Hence it remains the case when i > b or j ≤ a. For the 
remaining (i, j), we split them into two cases as follows.

• Let i > b or j < a. Then wm−1(i, j) ⪰ w since

(wm−1(i, j))[k] =

{
w[k] if a ≤ k < b,
(wm(i, j))[k] otherwise.

• Let j = a and i ≥ w−1(1). If w(i) > ym, then
(wm(i, a))[i] = (w[i − 1] − {1}) ∪ {y, ym}

for some y < ym, which contradicts wm(i, a) ⪰ w. Therefore, w(i) < ym so that w(i) = ys for 
some s < m−1. By Lemma  2.2 wm−1(i, a) ⪰ w since wm−1(i, a) and w agree everywhere except 
on positions w−1(y0), w−1(y1), . . . , w−1(ym−1), and on these positions wm−1(i, a) and w have 
the subsequences y1 . . . ysy0ys+2 . . . ym−1ys+1 and y0 . . . ys−1ysys+1 . . . ym−2ym−1, respectively.

Therefore, A ⊆ Ew,h(wm−1).
Now consider the sets P := {(p, j) | p < a, j ∈ {a, b}} and Q := {(i, q) | i ∈ {a, b}, q > b}.

• Suppose that (i, j) ∈ A − (P ∪ Q ). It follows from the definition of the map that φwm−1wm  fixes 
all (i, j).

• Suppose that (i, q) ∈ Q . Note that wm(i, q) ⪰ w since wm(a) = ym < wm(q) and wm(b) = 1. 
This yields that if h(a) ≥ q, then (a, q), (b, q) ∈ A; if h(a) < q ≤ h(b), then (a, q) ̸∈ A, (b, q) ∈ A, 
and (a, q) ̸∈ E (w ). In any case, we have φ (i, q) = (i, q) for (i, q) ∈ A ∩ Q .
w,h m−1 wm−1wm
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• Suppose that (p, j) ∈ P . Note that if p < w−1(1), then wm(p, b) ̸⪰ w since (wm(p, b))(p) = 1. 
Thus if (p, b) ∈ A, then w−1(1) ≤ p < a and (wm(p, b))(b) = wm(p) ≤ w(b) = ym so that 
wm(p) = ys for some s < m since w is well-aligned. This yields that (p, a), (p, b) ∈ A, and 
φwm−1wm (p, j) = (p, j) for (p, j) ∈ A ∩ P .

This shows that φwm−1wm (i, j) = (i, j) for all (i, j) ∈ A.
Now we assume that (p, a) ∈ Ew,h(wm) and p < w−1(1) and find the preimage of (p, a) under 

φwm−1wm . By the definition of φwm−1wm , if φwm−1wm (τ ) = (p, a) for some τ , then τ ∈ {(p, a), (p, b)}. 
Note that (p, a) ∈ Ew,h(wm) implies that w(p) < ym, and h(p) ≥ b from the assumption. Since 
wm−1(a) = 1 and wm−1(b) = ym, we have wm−1(p, a) ̸⪰ w and wm−1(p, b) ⪰ w, respectively. 
Therefore, (p, a) ̸∈ Ew,h(wm−1) and (p, b) ∈ Ew,h(wm−1), so φwm−1wm (p, b) = (p, a) when p < w−1(1). 
Hence the map φwm−1wm  is bijective.

Note that if w ∈ Gh is bottom-packed, then w(p) > ym for all p < w−1(1). Hence, Ew,h(wm) = A
and the map φwm−1wm  is an identity map. This proves the proposition. □

4.2. Regularity of Γw,h for pattern avoiding permutations in Gh

In this subsection, we first investigate the relationship between the properties of well-aligned 
permutations and those of pattern avoiding permutations in Gh. We then show that the regularity 
of Γw,h, for w ∈ Gh, can be characterized by the pattern avoidance of w.

For simplicity, we assume that Y (w) = {y0, y1, . . . , yr} in this subsection unless otherwise stated.
To establish the regularity of Γw,h, we begin by examining how well-aligned permutations relate 

to pattern avoidance in Gh.

Lemma 4.5. Let w be a permutation in Gh for a Hessenberg function h. If w avoids the associated pattern 
1324h, then w is well-aligned.

Proof. Suppose that w is not well-aligned so that we have w−1(yi) < w−1(yj) < w−1(yi+1) for 
some i and j with 0 < i + 1 < j < r . Let k be the smallest integer such that k > j and 
w−1(yi+1) < w−1(yk). Note that if w−1(yk−1) < w−1(yi), then the subsequence yiyjyi+1yk gives the 
associated pattern 1324h since w−1(yk) ≤ h(w−1(yk−1)) ≤ h(w−1(yi)) by Lemma  4.1 (2). On the 
other hand, if w−1(yi) < w−1(yk−1), then the subsequence yiyk−1yi+1yk gives the associated pattern 
1324h since w−1(yi+1) ≤ h(w−1(yi)) and w−1(yk) ≤ h(w−1(yk−1)) by Lemma  4.1 (2). Hence, w always 
contains the associated pattern 1324h. □

Note that for w ∈ Gh, avoiding the associated pattern 1324h is not a necessary condition to be 
well-aligned. For instance, when h = (7, 7, 7, 7, 7, 7, 7), the permutation 4651273 is well-aligned 
but contains the pattern 1324.

If w ∈ Gh is well-aligned and avoids certain patterns in Definition  3.9, then it is bottom-packed or 
right-packed. Next, we refine the structure of well-aligned permutations by introducing additional 
pattern avoidance conditions, which enables us to identify when a permutation is bottom-packed 
or right-packed—a crucial step toward computing the edges of Γw,h.

Lemma 4.6. For a Hessenberg function h, assume that w ∈ Gh is well-aligned.

(1) If h(w−1(1)) < n and w avoids the associated pattern 2134h, then w is bottom-packed. In 
addition, if w also avoids 1243h and 1423h, then w(i) ∈ Y (w) for all i such that h(i) = n.

(2) If h(w−1(1)) = n and w avoids the associated patterns 2143h and 2134h, then w is bottom-packed 
or right-packed.

Proof. 
(1) First note that yr > 2 and yr − 1 ∈ Y (w), otherwise we have h(w−1(1)) = n. Now 

suppose that {x + 1, x + 2, . . . , yr} ⊂ Y (w) and x ̸∈ Y (w) for some 1 < x < yr . Since 
w−1(x+1) ≤ h(w−1(x)) and h(w−1(1)) < n, we have w−1(x+ j) ≤ h(w−1(x)) < w−1(x+ j+1)
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for some 1 ≤ j < yr −x. Then the subsequence x1(x+ j)(x+ j+1) gives the associated pattern 
2134h since w−1(x+ j+1) ≤ h(w−1(x+ j)). Hence, there is no such x, and w is bottom-packed.
For the latter part, suppose that there is i satisfying that h(i) = n and w(i) > r + 1 = w(n). 
Let x be the smallest integer satisfying that 1 ≤ x < r and h(w−1(x + 1)) = n. Note that if 
w−1(x+ 1) < i, then the subsequence x(x+ 1)w(i)(r + 1) gives the associated pattern 1243h. 
On the other hand, if w−1(x + 1) > i, then the subsequence xw(i) (x + 1) (r + 1) gives the 
associated pattern 1423h. Therefore there is no such i.

(2) Suppose that w is not bottom-packed so that ys −1 ̸∈ Y (w) for some 1 ≤ s ≤ r . Now assume 
that there is x satisfying that x > w(n) and w−1(1) < w−1(x). If w−1(x) < w−1(ys), then the 
subsequence (ys − 1)1xys gives the associated pattern 2143h since w−1(ys) ≤ h(w−1(ys − 1)). 
Hence, w−1(ys) < w−1(x) and s < r . This yields that h(w−1(ys − 1)) = n, otherwise the 
subsequence (ys − 1)1ysyr  gives the associated pattern 2134h since h(w−1(1)) = n. Then 
the subsequence (ys − 1)1xyr  gives the associated pattern 2143h, which is a contradiction. 
Therefore there is no such x, and w is right-packed.

This completes the proof. □

With the bottom-packed or right-packed structure established, we can now compute the sizes 
of the sets Ew,h(w) and Ew,h(w0), which will play a key role in verifying the regularity of Γw,h.

Proposition 4.7. For a Hessenberg function h, assume that w ∈ Gh avoids the three associated patterns 
2143h, 1324h, and 2134h. Then the following hold.

(1) If w also avoids the associated pattern 2314h, then |Ew,h(w)| = |Ew,h(w)|.
(2) If w also avoids the two associated patterns 1243h and 1423h, then

{(i, n) ∈ Ew,h(w0)} = {(i, n) | n − k + 1 ≤ i < n},

where k = |{yi | h(w−1(yi)) = n}|.

Proof. From the assumption, w is a well-aligned permutation in Gh by Lemma  4.5.
(1) Note that from Proposition  4.4 if w is bottom-packed, then we have

Ew,h(w) = Ew,h(w0) = Ew,h(w1) = · · · = Ew,h(wr ) = Ew,h(w).

Hence we only need to consider well-aligned permutations w which are not bottom-packed. 
Let Y (w) ̸= [r + 1]. It follows from Lemma  4.6 that h(w−1(1)) = n. Suppose that for some 
1 ≤ m ≤ r , the injection φwm−1wm : Ew,h(wm−1) → Ew,h(wm) is not surjective. Let wm =

wm−1(a, b), where w(a) = ym−1 and w(b) = ym. Then there exists p such that p < w−1(1), 
(p, a) ∈ Ew,h(wm), and a ≤ h(p) < b by Proposition  4.4. Note that ym = wm(a) = (wm(p, a))(p). 
Since (p, a) ∈ Ew,h(wm), i.e., wm(p, a) ⪰ w, and w[p − 1] = wm[p − 1] we have ym > w(p). If 
w(p) < ym−1, then the subsequence w(p)1ym−1ym gives the associated pattern 2134h. Hence 
ym−1 < w(p) < ym and ym−1 ̸= ym − 1. Note that p < w−1(ym − 1) < w−1(1) since 
h(p) < w−1(ym) ≤ h(w−1(ym − 1)). Then the subsequence w(p)(ym − 1)ym−1ym gives the 
associated pattern 2314h. Thus there is no such p for all m = 1, 2, . . . , r so that

|Ew,h(w)| = |Ew,h(w0)| = |Ew,h(w1)| = · · · = |Ew,h(wr )| = |Ew,h(w)|.

(2) Let |{yi | h(w−1(yi)) = n}| = k and |{i | h(i) = n}| = m. Then 1 ≤ k ≤ m. For n−m+1 ≤ i < n, 
note that (w0(i, n))[i]↑≥ w[i]↑ if and only if w−1(1) ≤ i since

w[i] = [n] − {w(i + 1), w(i + 2), . . . , w(n)},
(w0(i, n))[i] = [n] − {2, 3, . . . , n − i + 1} .

In addition, (w0(i, n))[n − 1] ↑≥ w[n − 1] ↑ if and only if n − i + 1 ≤ w(n). From 
Proposition  2.1 (3), it follows that w0(i, n) ⪰ w if and only if (w0(i, n))[i] ↑≥ w[i] ↑ and 
(w0(i, n))[n − 1]↑≥ w[n − 1]↑ since {i, n − 1} = [n − 1] − D(w0(i, n)). Hence

{(i, n) ∈ E (w )} = {(i, n) | max{w−1(1), n + 1 − w(n), n − m + 1} ≤ i < n}.
w,h 0
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If h(w−1(1)) < n, then w−1(1) < n − m + 1, w(n) = r + 1, and m = k ≤ r by 
Lemma  4.6 (1). On the other hand, if h(w−1(1)) = n, then from Lemma  4.6 (2) it follows 
that k = r + 1, w−1(1) = n − r = n − k + 1, and w(n) > r . In any case, we have 
max{w−1(1), n + 1 − w(n), n − m + 1} = n − k + 1, as we desired.

This completes the proof. □

To proceed with the induction, we verify that w inherits the pattern avoidance properties of w
in Gh.

Proposition 4.8. Let w be a permutation in Gh for a Hessenberg function h. If w avoids all of the 
associated patterns 2143h, 1324h, 1243h, 2134h, 1423h, 2314h, and 2413h, then so does w.

Proof. Since w avoids the associated patterns 2143h, 1324h, and 2134h, w is bottom-packed or right-
packed by Lemma  4.6. Note that if w is bottom-packed, then w(i) < w(j) if and only if w(i) < w(j)
for all 1 ≤ i < j < n. Moreover, since w(n) = 1 and none of the seven associated patterns ends 
with 1, w avoids all of the associated patterns if w is bottom-packed.

Now we consider the case when w is right-packed. Then h(w−1(1)) = n by Lemma  4.6. In the 
following, we show that if w contains one of the associated patterns in Definition  3.9, then so does 
w. Note that w and w may contain different associated patterns. For a given associated pattern, we 
suppose that w contains the subsequence v := w(i)w(j)w(k)w(ℓ) with 1 ≤ i < j < k < ℓ ≤ n
that gives the pattern. Since w is right-packed and avoids all of the patterns, we may assume 
that the subsequence v can be written as one of the forms w(i)yq+1ys+1ym+1, w(i)w(j)ys+1ym+1, and 
w(i)w(j)w(k)ym+1 for some 0 ≤ q < s < m < r .

Case 2143h. Suppose that w(j) < w(i) < w(ℓ) < w(k) for some ℓ ≤ h(i). It suffices to consider the 
subsequence v = w(i)w(j)w(k)ym+1. Then w−1(ym) = ℓ ≤ h(i), and we may assume that ym < w(i). 
Note that if w−1(ym+1) ≤ h(i), then w contains the subsequence w(i)w(j)w(k)ym+1 that gives the 
associated pattern 2143h. On the other hand, if w−1(ym+1) > h(i), then w−1(ym+1 − 1) > i and 
w(i)(ym+1 − 1)ymym+1 gives the associated pattern 2314h.

Case 1324h. Suppose that w(i) < w(k) < w(j) < w(ℓ), k ≤ h(i), and ℓ ≤ h(j). It suffices to consider 
the subsequence v = w(i)w(j)ys+1ym+1 or v = w(i)w(j)w(k)ym+1. First, let v = w(i)w(j)ys+1ym+1. 
Then w−1(ys) ≤ h(i) and w−1(ym) ≤ h(j), and we may assume that ys < w(i) or ym < w(j). Note 
that if w−1(ym+1) ≤ h(i), then w contains w(i)w(j)ys+1ym+1 that gives the associated pattern 1324h. 
Now we assume that w−1(ym+1) > h(i), and consider three possible cases according to ys and ym.

• Let ys > w(i) and ym < w(j). If w−1(ym+1) ≤ h(j), then w contains w(i)w(j)ysym+1 that gives the 
associated pattern 1324h. On the other hand, if w−1(ym+1) > h(j), then w(j)(ym+1 − 1)ymym+1
gives the associated pattern 2314h.

• Let ys < w(i) and ym > w(j). If w−1(ym+1) ≤ h(j), then w(i)w(j)ysym+1 gives the associated 
pattern 2314h. On the other hand, if w−1(ym+1) > h(j), then w(j)ysymym+1 gives the associated 
pattern 2134h.

• Let ys < w(i) and ym < w(j). If w−1(ym+1) ≤ h(j), then w contains w(i)w(j)ysym+1 that gives the 
associated pattern 2314h. On the other hand, if w−1(ym+1) > h(j), then w(j)(ym+1 − 1)ysym+1
gives the associated pattern 2314h.

Now let v = w(i)w(j)w(k)ym+1. It follows that w−1(ym) ≤ h(j), and we may assume that ym < w(j). 
In this case if w−1(ym+1) ≤ h(j), then w contains the subsequence w(i)w(j)w(k)ym+1 that gives the 
associated pattern 1324h. On the other hand, if w−1(ym+1) > h(j), then w(j)(ym+1 − 1)ymym+1 gives 
the associated pattern 2314h.

Case 1243h. Suppose that w(i) < w(j) < w(ℓ) < w(k) and j ≤ h(i) < ℓ ≤ h(j). It suffices 
to consider the subsequence v = w(i)w(j)w(k)ym+1. In this case we have h(i) < w−1(ym) ≤ h(j), 
and we may assume that ym < w(j). Note that if w−1(ym+1) ≤ h(j), then the subsequence 
w(i)w(j)w(k)ym+1 of w gives the associated pattern 1243h. On the other hand, if w−1(ym+1) > h(j), 
then w(j)(ym+1 − 1)ymym+1 gives the associated pattern 2314h.

Case 2134h. Suppose that w(j) < w(i) < w(k) < w(ℓ) and k ≤ h(i) < ℓ ≤ h(k). In this 
case, we have to consider all of the forms of v. If v is one of the forms w(i)y y y  and 
q+1 s+1 m+1
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v = w(i)w(j)ys+1ym+1, then we have w−1(ys) ≤ h(i) < w−1(ym) ≤ h(w−1(ys)), and we may 
assume that ys < w(i). If w−1(ys+1) ≤ h(i), then w contains the subsequence w(i)ysys+1ym+1 that 
gives the associated pattern 2134h. On the other hand, if w−1(ys+1) > h(i), then the subsequence 
w(i)(ys+1 − 1)ysys+1 gives the associated pattern 2314h.

Now let v = w(i)w(j)w(k)ym+1. Then h(i) < w−1(ym) ≤ h(k), and we may assume that ym < w(k). 
If w−1(ym+1) ≤ h(k), then w contains the subsequence w(i)w(j)w(k)ym+1 that gives the associated 
pattern 2134h. On the other hand, if w−1(ym+1) > h(k), then w(k)(ym+1 − 1)ymym+1 gives the 
associated pattern 2314h in w.

Case 1423h. Suppose that w(i) < w(k) < w(ℓ) < w(j) and k ≤ h(i) < ℓ ≤ h(j). It 
suffices to consider the subsequence v = w(i)w(j)ys+1ym+1 or v = w(i)w(j)w(k)ym+1. First, let 
v = w(i)w(j)ys+1ym+1. Then it follows that w−1(ys) ≤ h(i) < w−1(ym) ≤ h(j), and we may assume 
that ys < w(i). If w−1(ys+1) ≤ h(i), then w contains the subsequence w(i)ysys+1ym+1 that gives the 
associated pattern 2134h. On the other hand, if w−1(ys+1) > h(i), then w(i)(ys+1 −1)ysys+1 gives the 
associated pattern 2314h in w.

Now let v = w(i)w(j)w(k)ym+1. Then it follows that h(i) < w−1(ym) ≤ h(j), and we may assume 
that ym < w(k). If w−1(ym+1) ≤ h(j), then w contains the subsequence w(i)w(j)w(k)ym+1 that 
gives the associated pattern 1423h. On the other hand, if w−1(ym+1) > h(j), then w contains the 
associated pattern 2314h or 2413h. Indeed, if w−1(1) ≤ h(i), then w(i)(ym+1 − 1)1ym+1 gives 2314h; 
if w−1(1) > h(i), then w(i)w(j)1ym+1 gives 2413h.

Case 2314h. Suppose that w(k) < w(i) < w(j) < w(ℓ) and k ≤ h(i) < ℓ ≤ h(j). Again, it 
suffices to consider the subsequence v = w(i)w(j)ys+1ym+1 or v = w(i)w(j)w(k)ym+1. First, let 
v = w(i)w(j)ys+1ym+1. Then w−1(ys) ≤ h(i) < w−1(ym) ≤ h(j), and we may assume that ym < w(j). 
Accordingly, the subsequence w(i)(ym+1 − 1)ysym+1 gives the associated pattern 2314h.

Now we let v = w(i)w(j)w(k)ym+1, so we have h(i) < w−1(ym) ≤ h(j). We may assume that 
ym < w(j). If w−1(ym+1) ≤ h(j), then w contains w(i)w(j)w(k)ym+1 that gives the associated pattern 
2314h. On the other hand, if w−1(ym+1) > h(j), then the subsequence w(j)(ym+1 − 1)ymym+1 gives 
the associated pattern 2314h.

Case 2413h. Suppose that w(k) < w(i) < w(ℓ) < w(j) for j ≤ h(i) < k ≤ h(j) < ℓ ≤ h(k). Again, 
it suffices to consider the subsequence v = w(i)w(j)ys+1ym+1 or v = w(i)w(j)w(k)ym+1. First, let 
v = w(i)w(j)ys+1ym+1. Then h(i) < w−1(ys) ≤ h(j) < w−1(ym) ≤ h(w−1(ys)), and we may assume 
that ym < w(i). Accordingly, w contains the subsequence w(i)w(j)ysym+1 that gives the associated 
pattern 2413h.

Now let v = w(i)w(j)w(k)ym+1. Then we have h(j) < w−1(ym) ≤ h(k), and we may assume that 
ym < w(i). If w−1(ym+1) ≤ h(k), then w contains w(i)w(j)w(k)ym+1 that gives the associated pattern 
2413h. On the other hand, if w−1(ym+1) > h(k), then w contains w(k)(ym+1 −1)1ym+1 that gives the 
associated pattern 2314h.

Thus we conclude that if w contains one of the seven associated patterns, then so does w. This 
completes the proof. □

In the following, we show that the converse of Theorem  3.12 is also true, thereby characterizing 
the regularity of Γw,h in terms of pattern avoidance for permutations in Gh. Having established the 
necessary structural properties and size computations, we now proceed to prove this main result 
by induction on n, using the previous lemmas and propositions.

Theorem 4.9. Let w be a permutation in Gh for a Hessenberg function h. The graph Γw,h is regular if w
avoids all of the associated patterns 2143h, 1324h, 1243h, 2134h, 1423h, 2314h, and 2413h.

Proof. Suppose that w avoids all of the associated patterns. We prove that Γw,h is regular by 
induction on n, the number of vertices of Γw,h (equivalently, the length of the permutation w). 
For n = 1, Γw,h is a single vertex graph, and this is certainly regular.

Suppose that n ≥ 2 and Γw′,h′  is regular for any Hessenberg function h′ on [n − 1] and the 
permutations w′

∈ Gh′  that avoid all of the associated patterns. Now we consider a Hessenberg 
function h on [n] and a permutation w ∈ Gh that avoids all the associated patterns. From Theorem 
3.8 it suffices to show that |E (w)| = |E (w )|. From Lemma  4.6 and Proposition  4.7 (1), it follows 
w,h w,h 0
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Fig. 7. Additional associated patterns and the induced subgraph of inc(h) on {i, j, k, ℓ,m}.

that w is a bottom-packed or a right-packed permutation satisfying that |Ew,h(w)| = |Ew,h(w)|. 
Hence we only need to show that |Ew,h(w)| = |Ew,h(w0)|. By Proposition  4.3, we see that w is a 
permutation in Gh for h, and Γw,h is the induced subgraph of Γw,h whose vertex set is {u ∈ [w,w0] |

u(n) = 1}, and
|Ew,h(w)| = |Ew,h(w)| + |{yi ∈ Y (w) | h(w−1(yi)) = n for 0 ≤ i < r}|.

On the other hand, by Proposition  4.7 (2), we have
|Ew,h(w0)| = |Ew,h(w0)| + |{yi ∈ Y (w) | h(w−1(yi)) = n for 0 ≤ i ≤ r}| − 1.

Thus, it suffices to show that Γw,h is regular. Let h′ be the Hessenberg function on [n − 1] whose 
incomparability graph is obtained from the incomparability graph of h by deleting the vertex n
and the edges incident to it. Let w′

∈ Sn−1 be the permutation defined by w′(i) = w(i) − 1 for 
i = 1, 2, . . . , n−1. As w is a permutation in Gh, it follows that w′ is a permutation in Gh′ . Moreover, it 
follows from Proposition  4.8 that w′ avoids all the patterns. Accordingly, we can apply the induction 
hypothesis to w′ and h′ and conclude that Γw′,h′  is regular. This completes the proof. □

4.3. Associated patterns for an arbitrary permutation

Now, we consider not only permutations in Gh but also all the permutations in Sn and provide 
a set of patterns that characterize the regularity of Γw,h. We define a few more patterns that are 
needed.

Definition 4.10. Let h be a Hessenberg function on [n]. For a permutation w ∈ Sn, we say that w
contains the associated pattern

(1) 25314h if w(ℓ) < w(i) < w(k) < w(m) < w(j);
(2) 24315h if w(ℓ) < w(i) < w(k) < w(j) < w(m);
(3) 14325h if w(i) < w(ℓ) < w(k) < w(j) < w(m);
(4) 15324h if w(i) < w(ℓ) < w(k) < w(m) < w(j);

for some i < j < k ≤ h(i) < ℓ ≤ h(j) < m ≤ h(k).

Fig.  7 shows the induced subgraph of the incomparability graph of h for the new associated 
patterns.

Remark 4.11. Four patterns in Definition  4.10 are all the possible ones that appear when we 
consider the permutations satisfying the following two conditions:

w(i) < w(k) < w(j)  and w(ℓ) < w(k) < w(m) .

These new patterns are related to the associated pattern 2413h.

Lemma 4.12. Let h be a Hessenberg function and w ∈ Gh. If w avoids the associated patterns 1243h, 
2134h, and 1423h, then w contains the associated pattern 2413h if and only if w contains associated 
pattern 25314 .
h

24



S. Cho, J. Huh and S. Park European Journal of Combinatorics 135 (2026) 104353
Proof. Let w contain the associated pattern 25314h, i.e., w(ℓ) < w(i) < w(k) < w(m) < w(j)
for some i < j < k ≤ h(i) < ℓ ≤ h(j) < m ≤ h(k). Then w(ℓ) < w(i) < w(m) < w(j) and 
i < j ≤ h(i) < ℓ ≤ h(j) < m ≤ h(ℓ). Accordingly, w contains the associated pattern 2413h.

Conversely, let w contain w(i)w(j)w(ℓ)w(m) that gives the associated pattern 2413h. Consider 
the following set

X := {w(s) | w(i) < w(s) < w(m) for j < s < ℓ} .

Suppose that X is empty. Let y be the smallest integer satisfying that ℓ < w−1(y) and w(i) < y. By 
Lemma  4.1 (1), there exist z with i < z < w−1(y) ≤ h(z) such that w(i) < w(z) < y. Moreover 
z < j since X is empty and y is the smallest. Accordingly, w contains the subsequence w(i)w(z)w(j)y
giving the pattern 1243h, which is a contradiction. Hence X is not empty.

Now we show that w(i)w(j)w(k)w(ℓ)w(m) gives the associated pattern 25314h by taking w(k) =

max X . It suffices to show that k ≤ h(i) and h(k) ≥ m. Note that if h(i) < w−1(x) for all 
x ∈ X , then w contains the subsequence w(i)w(z)w(j)y for y = min X and some z satisfying that 
i < z < w−1(y) ≤ h(z) such that w(i) < w(z) < y by Lemma  4.1 (1). Again, it contradicts the fact 
that w avoids the associated pattern 1243h. Therefore h(i) ≥ w−1(x) for some x ∈ X . Note that if 
w−1(x1) ≤ h(i) < w−1(x2) for some x1, x2 ∈ X , then x1 > x2 since w avoids the associated pattern 
1423h. It follows that k ≤ h(i). In this case, if h(k) < m, then w contains w(k)w(ℓ)w(s)w(m) for some 
s satisfying that ℓ < s < m and w(k) < w(s) < w(m), which gives the associated pattern 2134h. 
Thus h(k) ≥ m, and this completes the proof. □

Recall that by Theorems  3.12 and 4.9, we can characterize the regularity of the graph Γw,h for a 
permutation w ∈ Gh as follows: Γw,h is regular if and only if w avoids associated patterns 2143h, 
1324h, 1243h, 2134h, 1423h, 2314h, and 2413h. Owing to Lemma  4.12, we can replace the pattern 
2413h with a new pattern 25314h in the characterization of the regularity of Γw,h.

Remark 4.13. Let w be a permutation in Gh for a Hessenberg function h. Then the following are 
equivalent:

(1) w avoids associated patterns 2143h, 1324h, 1243h, 2134h, 1423h, 2314h, and 2413h.
(2) w avoids associated patterns 2143h, 1324h, 1243h, 2134h, 1423h, 2314h, and 25314h.

Now, we consider all permutations, not only the permutations in Gh for h. Recall from Proposition 
2.6 that if w ̸∈ Gh for a Hessenberg function h, then ΩT

w,h is identified with the set ww̃−1
[w̃, w0], 

where w̃ is the corresponding permutation in Gh of w satisfying (1.1). Moreover, Lemma  2.10 tells 
us that two graphs Γw,h and Γw̃,h are isomorphic, which allows us to consider the graph Γw̃,h of the 
corresponding permutation ̃w ∈ Gh of w instead of Γw,h.

Lemma 4.14. For a Hessenberg function h and a permutation w, let ̃w be the corresponding permutation 
in Gh of w.

(1) For each associated pattern p ∈ {2143h, 1324h, 1243h, 2134h, 1423h, 2314h}, w contains p if 
and only if ̃w contains p.

(2) Let w avoid the associated pattern 1324h. Then w contains one of the associated patterns 25314h, 
24315h, 14325h, and 15324h if and only if ̃w contains the associated pattern 25314h.

Proof. 
(1) Suppose that w contains the subsequence w(i)w(j)w(k)w(ℓ) that gives an associated pattern 

p ∈ {2143h, 1324h, 1243h, 2134h, 1423h, 2314h} for some i < j < k < ℓ. Due to (1.1) and the 
definition of the associated patterns, we have

• for p = 2143h, ℓ ≤ h(i);
• for p ∈ {1324h, 1243h, 1423h}, w̃(i) < w̃(j), w̃(k), w̃(ℓ), the position of the second 

minimum of p is not greater than h(i), and ℓ ≤ h(j);
• for p ∈ {2134 , 2314 }, ̃w(ℓ) > w̃(i), w̃(j), w̃(k) and k ≤ h(i).
h h
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Therefore, ̃w(i), w̃(j), w̃(k), w̃(ℓ) are in the same order as w(i), w(j), w(k), w(ℓ) for any p, i.e., ̃w
contains p if w contains p. Since the roles of w and ̃w are symmetric, the proof is completed.

(2) Let ̃w contain the associated pattern 25314h, i.e., ̃w(ℓ) < w̃(i) < w̃(k) < w̃(m) < w̃(j) for some 
i < j < k ≤ h(i) < ℓ ≤ h(j) < m ≤ h(k). Then from (1.1), w satisfies w(i) < w(k) < w(j) and 
w(ℓ) < w(k) < w(m). Therefore, by Remark  4.11, w contains one of the associated patterns 
25314h, 24315h, 14325h, and 15324h.
Conversely, let w contain the subsequence w(i)w(j)w(k)w(ℓ)w(m) that gives an associated 
pattern in P := {25314h, 24315h, 14325h, 15324h}. By (1.1) and Remark  4.11, the sub-
sequence w̃(i)w̃(j)w̃(k)w̃(ℓ)w̃(m) gives an associated pattern p ∈ P . We show that p ̸∈

{24315h, 14325h, 15324h} because ̃w ∈ Gh.

• For p ∈ {24315h, 14325h}, let x be the smallest integer satisfying that w̃(j) < x and 
k < w̃−1(x). Then w̃−1(x − 1) < k. If i < w̃−1(x − 1) (respectively, i > w̃−1(x − 1)), 
then ̃w contains ̃w(i)(x− 1)w̃(k)x (respectively, ̃w(i)w̃(j)w̃(k)x) that gives the associated 
pattern 1324h. This contradicts the assumption by (1).

• For p = 15324h, let x be the smallest integer satisfying that w̃(i) < x and k < w̃−1(x). 
Then w̃−1(x − 1) < k and x ≤ w(ℓ). If m < w̃−1(x) (respectively, m > w̃−1(x)), then w̃
contains (x−1)w̃(k)w̃(ℓ)w̃(m) (respectively, (x−1)w̃(k)xw̃(m)) that gives the associated 
pattern 1324h. This contradicts the assumption by (1).

Thus p = 25314h, as we desired. □

The following is our main theorem.

Theorem 4.15. For a Hessenberg function h : [n] → [n], let w be a permutation on [n]. The graph Γw,h is 
regular if and only if w avoids all of the associated patterns 2143h, 1324h, 1243h, 2134h, 1423h, 2314h, 
25314h, 24315h, 14325h, and 15324h.

Proof. Let ̃w be the corresponding permutation in Gh of w. Let us denote the associated pattern sets,

A := {2143h, 1324h, 1243h, 2134h, 1423h, 2314h},

B := {2143h, 1324h, 1243h, 2134h, 1423h, 2314h, 2413h},

C := {2143h, 1324h, 1243h, 2134h, 1423h, 2314h, 25314h, 24315h, 14325h, 15324h} .

If w contains an associated pattern in A, then so does w̃ by Lemma  4.14 (1). For a permu-
tation w that avoids all of the associated patterns in A, if w contains an associated pattern in 
{25314h, 24315h, 14325h, 15324h}, then w̃ contains the associated pattern 2413h by Lemmas  4.12
and 4.14 (2). Hence ̃w contains an associated pattern in B if w contains an associated pattern in C , 
and Γw,h is irregular by Lemma  2.10 and Theorem  3.12.

Similarly, if w avoids all of the associated patterns in C , then w̃ avoids all of the associated 
patterns in B, and Γw,h is regular by Lemma  2.10 and Theorem  4.9. This completes the proof. □

Once again, by Proposition  2.11, we can provide a necessary condition for Ωw̃ ∩ Hess(S, h)
(w ∈ Sn) to be smooth, which is an extension of Theorem  3.13.

Theorem 4.16. For a Hessenberg function h, if a permutation w contains any one of the associated 
patterns 2143h, 1324h, 1243h, 2134h, 1423h, 2314h, 25314h, 24315h, 14325h, and 15324h, then for 
the corresponding permutation ̃w in Gh of w, the intersection Ωw̃ ∩ Hess(S, h) is not smooth.

For a permutation w ∈ Gh, the pattern avoidance condition that we found is also an equivalent 
condition for the smoothness of Ωw ∩Hess(S, h) for any diagonal matrix S with distinct eigenvalues.

Theorem 4.17 ([18, Theorem 1.2]). For a Hessenberg function h : [n] → [n] and w ∈ Gh, if Γw,h
is regular, then the intersection Ωw ∩ Hess(S, h) is smooth for any diagonal matrix S with distinct 
eigenvalues.
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Fig. 8. Relations between the regularity of Γw,h and the smoothness of Ωw,h .

Theorem 4.18. The following statements hold:
(1) If w ∈ Gh avoids all the patterns 2143h, 1324h, 1243h, 2134h, 1423h, 2314h, and 2413h, then 

the Hessenberg Schubert variety Ωw,h is smooth.
(2) If w ∈ Sn avoids all the patterns 2143h, 1324h, 1243h, 2134h, 1423h, 2314h, 25314h, 24315h, 

14325h, and 15324h, then the Hessenberg Schubert variety Ωw,h is smooth.

Proof. The second statement follows from Proposition  2.8, Lemma  2.10, and Theorem  4.17. □

Fig.  8 shows the relationship between our results and Theorem  4.17 related to the regularity of 
Γw,h and the smoothness of Ωw,h, and the following question remains open. 

Question 4.19. Find an equivalent pattern avoidance condition for Ωw,h to be smooth.
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