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Abstract. A smooth projective variety equipped with a suitable action of a torus admits a
cell decomposition, called the Bia lynicki-Birula decomposition. Singularities of the closures
of these cells are not well understood. One of the examples of such closures is a Schubert
variety in a flag variety G{B, and there are several criteria for the smoothness of Schubert va-
rieties. In this paper, we focus on the closures of Bia lynicki-Birula cells in regular semisimple
Hessenberg varieties Hessps, hq, called Hessenberg Schubert varieties. We first consider the
intersections of the Schubert varieties with Hessps, hq and investigate the the smoothness of
this intersection, from which we get a sufficient condition for a Hessenberg Schubert variety
to be smooth.
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1. Introduction

The Schubert varieties are subvarieties of the flag variety FℓpCnq obtained by taking the
closure of cells in the Bruhat decomposition of FℓpCnq. The cohomology classes of Schubert
varieties form an additive basis of the cohomology ring of the flag variety, and understanding
their geometry plays an important role in studying the geometry of the flag variety. Moreover,
there are interesting avenues connecting the geometry of Schubert varieties, representation
theory, and combinatorics, as exhibited by the theory of Schubert calculus.

Not every Schubert variety is smooth, but the singularities of Schubert varieties have been
widely studied. To be more precise, the Schubert varieties in FℓpCnq are parametrized by
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the symmetric group Sn on rns :“ t1, . . . , nu, and we denote by Ωw the (opposite) Schubert
variety indexed by a permutation w P Sn.1 There are several well-known criteria for deter-
mining the smoothness of Ωw: one uses the GKM subgraph of Ωw in that of FℓpCnq (cf. [4]),
and another uses the pattern avoidance of w (cf. [2]).

In this paper, we extend our attention to the family of regular semisimple Hessenberg
varieties, each of which is a smooth subvariety of FℓpCnq; the flag variety FℓpCnq itself
belongs to this family. To define a Hessenberg variety, we need two pieces of data: one is a
Hessenberg function h : rns Ñ rns; the other is a linear operator x : Cn Ñ Cn. A function
h : rns Ñ rns is called a Hessenberg function if hpiq ě i for all i P rns and hpiq ď hpi ` 1q for
i P rn ´ 1s. The Hessenberg variety Hesspx, hq is defined by the set of all flags V‚ P FℓpCnq

satisfying xVi Ď Vhpiq for all i. When x “ s is regular semisimple, we call Hessps, hq a regular
semisimple Hessenberg variety.

A regular semisimple Hessenberg variety Hessps, hq is stable under the action of the torus T ,
the centralizer of s in G “ GLnpCq, which is a maximal torus since s is regular semisimple.
Notice that the T -fixed points in Hessps, hq are parametrized by Sn. With respect to a
generic one-parameter subgroup of T , the Bia lynicki-Birula decomposition of Hessps, hq has
cells given by the intersections of Hessps, hq with Schubert cells Ω˝

w. We define the Hessenberg
Schubert variety Ωw,h to be the closure of the intersection Ω˝

w X Hessps, hq.

The main goal of this paper is to study the smoothness of a Hessenberg Schubert vari-
ety Ωw,h, and that of the intersection ΩwXHessps, hq in terms of the graph ΓpΩwXHessps, hqq,
which is a certain induced subgraph of the GKM graph of Hessps, hq.

For this purpose, we consider a more general setting. Let X be a smooth GKM variety
equipped with an algebraic action of a torus T . For a T -stable subvariety V Ď X and v P V T ,
let EpV, vq denote the set of T -stable curves in V containing v, and set

TEpV, vq :“
ÿ

CPEpV,vq

TvC Ď TvV.

Note that if V is smooth, then the equality holds. Indeed, since X is GKM and Y is smooth
and T -stable, every weight line in TvY is tangent to a unique T -stable curve in Y . Hence,
we get TvY “ TEpY, vq. Also, if V is a Schubert variety in G{B in type A, then the equality
holds (see [12, Theorem 1]). However, in general, the inclusion is proper (see [10]).

Theorem 1.1. Let X be a smooth GKM variety equipped with an action of an algebraic
torus T and let X “

Ů

wPS Ω˝
w be the Bia lynicki-Birula decomposition with respect to a generic

one-parameter subgroup of T . Set Ωw “ Ω˝
w, and let Y Ď X be a smooth T -stable subvariety.

Suppose that Ω˝
w X Y ‰ H, ΓpΩw X Y q is connected, and

TvΩw “ TEpΩw, vq for every v P pΩw X Y qT .

Then the following statements are equivalent.

(1) ΓpΩw X Y q is d-regular, where d “ dimpΩ˝
w X Y q

(2) Ωw X Y is smooth.

In particular, if one of the above conditions holds, then Ωw X Y “ Ω˝
w X Y .

1In the literature, both Schubert varieties and opposite Schubert varieties are considered. In this paper,
we focus on the opposite Schubert varieties. For brevity, we will refer to opposite Schubert varieties simply as
Schubert varieties, when no confusion arises. (See Subsection 2.2 for the definition of Schubert varieties.)
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Theorem 1.1 can be applied to flag varieties in type A. One direction (2) ùñ (1) is
clear: It follows from the fact that Ωw XY has the induced T -action and it satisfies the GKM
condition. Indeed, the graph ΓpΩw X Y q encodes the data of T -fixed points and T -stable
curves. Therefore, the number of T -stable curves containing a fixed point v is the same as the
number of edges in ΓpΩw X Y q incident to the vertex corresponding to v, which is again the
same as the dimension of the tangent space at that point. To obtain the converse statement,
we compare TEpΩw X Y, vq and TEpΩw, vq X TEpY, vq. See Section 3 for more details.

Returning to the case when X “ FℓpCnq, since the equality TvΩw “ TEpΩw, vq holds for
every v P ΩT

w, we apply Theorem 1.1 to the intersection of Ωw with a Hessenberg variety
Hessps, hq, to obtain the following sufficient condition for the smoothness of the Hessenberg
Schubert variety Ωw,h. We remark that Ωw XHessps, hq is connected if Hessps, hq is connected
(Proposition 4.1).

Theorem 1.2. Let s be a regular semisimple element and let h be a Hessenberg function.
Suppose that Ωw X Hessps, hq is connected. Then the following statements are equivalent.

(1) ΓpΩw X Hessps, hqq is regular.
(2) Ωw X Hessps, hq is smooth.

In particular, if one of the above conditions holds, then Ωw,h is smooth and we have Ωw X

Hessps, hq “ Ωw,h.

Because of the construction, a Hessenberg Schubert variety Ωw,h admits the action of T and

ΩT
w,h Ď pΩwXHessps, hqqT . A permutation w P Sn is h-admissible if ΩT

w,h “ pΩwXHessps, hqqT

(see Definition 2.3 and Proposition 2.6).
As shown in [6, Theorem A], the set of h-admissible permutations corresponds to a set of

Hessenberg Schubert cohomology classes which generates the cohomology group H˚pHessps, hq;Cq

as an Sn-module.
Theorem 1.2 provides a combinatorial criterion on the graph ΓpΩw X Hessps, hqq for the

smoothness of the Hessenberg Schubert variety Ωw,h. However, in practice, the regularity of
the graph ΓpΩw X Hessps, hqq is too strong to apply to arbitrary permutations. Instead of
applying Theorem 1.2 directly, we first replace w by its unique h-admissible representative rw,
characterized by

ΓpΩw,hq – ΓpΩ
rw,hq.

Indeed, the corresponding Hessenberg Schubert varieties serve as prototypes for other Hes-
senberg Schubert varieties. See Proposition 2.5 and Corollary 2.7.

We note that the regularity of the graph ΓpΩw XHessps, hqq for an h-admissible w has been
deeply studied in [7]. For example, to show the regularity of the graph ΓpΩw X Hessps, hqq,
it suffices to check the regularity only at w0, the longest element in Sn (see Corollary 4.6).
Furthermore, the graph ΓpΩw X Hessps, hqq is regular if and only if the permutation w avoids
certain patterns (see Theorem 4.9).

Using these descriptions together with the regularity of the graph ΓpΩ
rw X Hessps, hqq,

we obtain the following sufficient conditions for the smoothness of the Hessenberg Schubert
variety Ωw,h:

Theorem 1.3. For w P Sn, let rw be the h-admissible permutation corresponding to w. Then
the following statements are equivalent:

(1) ΓpΩ
rw X Hessps, hqq is regular.

(2) Ω
rw X Hessps, hq is smooth.
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(3) Ω
rw X Hessps, hq is irreducible and its Poincaré polynomial is palindromic.

(4) rw avoids all associated patterns:

2143h, 1324h, 1243h, 2134h, 1423h, 2314h, 2413h.

In particular, if one of the above conditions holds, then Ωw,h is smooth.

One may wonder whether the converse of the last statement of Theorem 1.3 holds, but the
converse does not hold in general, as is exhibited in Example 5.5. That is because the graph
ΓpΩw X Hessps, hqq basically encodes the data of Ωw X Hessps, hq, not that of Ωw,h.

The organization of the paper is as follows. In Section 2, we recall the basic notions of GKM
varieties and some examples, including flag varieties and Hessenberg varieties. In Section 3,
we prove Theorem 1.1 after investigating the irreducibility of the intersection Ωw XY and the
smoothness under the regularity assumption. We prove Theorem 1.3 in Section 4 by applying
Theorem 1.1 to the case of regular semisimple Hessenberg varieties in type A. We discuss
further questions in Section 5.

2. GKM varieties and their examples

In this section, we provide a brief overview of GKM theory following [9, 14]. We introduce
flag varieties and Hessenberg varieties as examples of GKM varieties and describe the coho-
mology of a Hessenberg variety within this framework. We also review the definitions and
key properties of Hessenberg Schubert varieties.

2.1. GKM theory and GKM cohomology. Let X be a (possibly singular) complex pro-
jective algebraic variety with an action of the algebraic torus T – pC˚qn. We say that X is a
GKM (Goresky–Kottwitz–MacPherson) variety if it satisfies the following three conditions:

‚ X has finitely many T -fixed points,
‚ there are finitely many (complex) one-dimensional orbits of T on X, and
‚ X is equivariantly formal with respect to the action of T .

The third property is rather technical but holds when X has no odd-degree ordinary coho-
mology. More precisely, if HoddpXq vanishes, then X is equivariantly formal with respect to
every torus action.

After choosing the standard characters of T , we identify H˚
T ppt;Cq with the polynomial ring

Crt1, . . . , tns. Based on the zero- and one-dimensional orbits of a GKM variety X, the GKM
graph Γ “ pV,E, αq is a directed graph whose edges are labeled by α, and it is constructed
as follows:

(1) V “ XT , the set of T -fixed points of X;
(2) a directed edge v Ñ w belongs to E if and only if there exists a one-dimensional orbit

Ov,w of T on X whose closure Ov,w has v and w as its T -fixed points; and
(3) we label each directed edge v Ñ w with the weight αpv Ñ wq P Zrt1, . . . , tns of the

T -action corresponding to the closure Ov,w at the fixed point v.

Note that condition (2) implies that v Ñ w belongs to E if and only if w Ñ v belongs to E,
and the label α satisfies αpv Ñ wq “ ´αpw Ñ vq.

Using the GKM graph, Goresky, Kottwitz, and MacPherson [9] describe the equivariant
cohomology ring of a GKM variety.
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Theorem 2.1. [9, Theorem 1.6.2] Let X be a GKM variety with the GKM graph Γ “

pV,E, αq. Then a map p : XT Ñ Crt1, . . . , tns represents a cohomology class in H˚
T pXq if

and only if it satisfies a compatibility condition:

ppvq ” ppwq pmod αpv Ñ wqq for all v Ñ w in E,

and the equivariant cohomology ring H˚
T pX;Cq is isomorphic to

H˚pΓ;Cq

:“

#

pppvqqvPV P
à

vPV

Crt1, . . . , tns

ˇ

ˇ

ˇ

ˇ

ˇ

αpv Ñ wq | pppvq ´ ppwqq for all v Ñ w in E

+

as a Crt1, . . . , tns-algebra.

We call an element of H˚pΓ;Cq a GKM cohomology class. For a T -stable subvariety Y of
X, we denote by rY sT the GKM cohomology class corresponding to Y in H˚

T pXq.
It follows from Theorem 2.1 that the ordinary cohomology ring of a GKM variety X is

H˚pX;Cq – H˚pΓ;Cq{pt1, . . . , tnq,

where we use ti to indicate the element in H˚pΓ;Cq whose value at each v P V is ti.

2.2. Flag varieties. Let G be the general linear group GLnpCq and let B (resp. B´) be the
subgroup of upper (resp. lower) triangular matrices in G. Then the flag variety FℓpCnq is
the homogeneous space G{B, which is a smooth projective variety of dimension d “

`

n
2

˘

. We
can identify FℓpCnq with

tV‚ “ pt0u Ĺ V1 Ĺ V2 Ĺ ¨ ¨ ¨ Ĺ Vn “ Cnq | dimVi “ i for all i “ 1, . . . , nu,

where each V‚ is called a flag. For example, each permutation w P Sn defines a flag

pt0u Ĺ xewp1qy Ĺ xewp1q, ewp2qy Ĺ ¨ ¨ ¨ Ĺ xewp1q, . . . , ewpnqy “ Cnq,

called a coordinate flag, where e1, . . . , en are standard basis vectors. If there is no confusion,
we will denote the coordinate flag defined by the permutation w simply by wB.

Let T be the set of diagonal matrices in G. Then T – pC˚qn and the left multiplication of
T on G induces the action of T on FℓpCnq. The set of T -fixed points of FℓpCnq consists of
coordinate flags, so we can identify pFℓpCnqqT with Sn. Furthermore, two T -fixed points v
and w are connected by a one-dimensional orbit of T if and only if w “ vpi, jq and the weight
of the orbit closure Ov,w is tvpiq ´ tvpjq, where pi, jq is the transposition interchanging i and
j for 1 ď i ‰ j ď n. Therefore, the action of T on FℓpCnq has finitely many T -fixed points
and finitely many one-dimensional T -orbits.

The flag variety FℓpCnq admits a cell decomposition called the Bruhat decomposition:

(2.1) FℓpCnq “
ğ

wPSn

BwB{B “
ğ

wPSn

B´wB{B.

For each w P Sn, the cells X˝
w :“ BwB{B and Ω˝

w :“ B´wB{B are isomorphic to Cℓpwq and

Cd´ℓpwq, respectively, where

ℓpwq “ |tpi, jq | 1 ď i ă j ď n, wpiq ą wpjqu|.

Thus, the cohomology of FℓpCnq vanishes in odd degrees. Therefore, FℓpCnq is a GKM
variety associated with the GKM graph Γ “ pV,E, αq, where

(1) V “ Sn;
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213
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312

321

˘pt2 ´ t1q

˘pt3 ´ t2q

˘pt3 ´ t1q

Figure 1. The GKM graph of FℓpC3q

(2) E “ tw Ñ wpi, jq | 1 ď i ă j ď nu; and
(3) αpw Ñ wpi, jqq “ twpiq ´ twpjq.

We demonstrate the GKM graph of FℓpC3q in Figure 1. In (2.1), the cells X˝
w and Ω˝

w

are called the Schubert cell and the opposite Schubert cell indexed by w, respectively. Their
closures Xw :“ X˝

w and Ωw :“ Ω˝
w are the Schubert variety and the opposite Schubert variety

indexed by w, respectively.
Note that the decompositions in (2.1) are also known as the Bia lynicki-Birula plus and

minus decompositions, respectively, with respect to a suitable generic one-parameter subgroup
of T . The two cells X˝

w and Ω˝
w are the plus and minus Bia lynicki-Birula cells, respectively.

The inclusion relations among Schubert varieties define a partial order on Sn, called the
Bruhat order :

v ď w ðñ Xv Ď Xw.

The minimal and maximal elements of Sn in the Bruhat order are e :“ 12 ¨ ¨ ¨n and w0 :“
npn ´ 1q ¨ ¨ ¨ 1, respectively. Since B´ “ w0Bw0, we get Ωw “ w0Xw0w and

v ď w ðñ Ωv Ě Ωw.

In particular, Xw and Ωw admit cell decompositions:

(2.2) Xw “
ğ

vďw

X˝
v and Ωw “

ğ

věw

Ω˝
v,

which defines a stratification of each variety.
Note that for each w P Sn, both Xw and Ωw are T -stable and their sets of T -fixed points

are given by
XT

w “ re, ws and ΩT
w “ rw,w0s,

where rv, ws denotes the set of all permutations z P Sn satisfying v ď z ď w in the Bruhat
order. Therefore, we have the following equivalence:

v ď w ðñ w P ΩT
v .

From now on, we will only consider the opposite Schubert variety Ωw, so we will omit “op-
posite” and refer to Ωw as the Schubert variety if there is no confusion.

2.3. Hessenberg varieties. A nondecreasing function h : rns Ñ rns is called a Hessenberg
function if hpiq ě i for each i P rns. We often use the list of values php1q, hp2q, . . . , hpnqq of h
to represent a Hessenberg function h : rns Ñ rns.

For a linear operator x on Cn, the Hessenberg variety determined by x and h is defined as

Hesspx, hq :“ tV‚ P FℓpCnq | xpViq Ď Vhpiq for i “ 1, . . . , nu .

For example, when h “ pn, n, . . . , nq, Hesspx, hq is the flag variety FℓpCnq.
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h “ p2, 3, 3q
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h “ p2, 2, 3q

˘pt2 ´ t1q

˘pt3 ´ t2q

˘pt3 ´ t1q

Figure 2. The GKM graphs of regular semisimple Hessenberg varieties for
h “ p2, 3, 3q and h “ p2, 2, 3q

Note that two Hessenberg varieties Hesspx, hq and Hesspg´1xg, hq are isomorphic for g P

GLnpCq. Hence, if x and x1 have the same Jordan form, then Hesspx, hq and Hesspx1, hq are
isomorphic.

Let s be a regular semisimple linear operator on Cn; that is, the Jordan form of s is a
diagonal matrix with n distinct eigenvalues. The Hessenberg variety Hessps, hq determined
by s and a Hessenberg function h is then called regular semisimple, and it is a smooth
projective variety of dimension

dh :“
n

ÿ

i“1

phpiq ´ iq.

We fix a diagonal matrix s with n distinct eigenvalues. From (2.1), the regular semisimple
Hessenberg variety Hessps, hq is decomposed as follows:

Hessps, hq “
ğ

wPSn

pΩ˝
w X Hessps, hqq .(2.3)

In particular, for each w P Sn, the intersection Ω˝
w,h :“ Ω˝

w X Hessps, hq is a Bia lynicki-Birula

minus cell and it is isomorphic to the affine space Cdh´ℓhpwq, where

ℓhpwq “ |tpi, jq | i ă j, wpiq ą wpjq, j ď hpiqu| .

Therefore, regular semisimple Hessenberg varieties are equivariantly formal with respect to
any algebraic torus action.

We call Ω˝
w,h the (opposite) Hessenberg Schubert cell indexed by w, and set

Ωw,h :“ Ω˝
w,h

which we call the (opposite) Hessenberg Schubert variety indexed by w.

Proposition 2.2. [14, Proposition 5.4] A regular semisimple Hessenberg variety Hessps, hq is
a T -stable subvariety of FℓpCnq, and it is a GKM variety with the GKM graph Γ “ pV,E, αq,
where

(1) V “ Sn,
(2) E “ tw Ñ wpi, jq | 1 ď i ă j ď hpiqu, and
(3) αpw Ñ wpi, jqq “ twpiq ´ twpjq.

We present the GKM graphs of regular semisimple Hessenberg varieties for h “ p2, 3, 3q

and h “ p2, 2, 3q in Figure 2.
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For each permutation w P Sn, from (2.2), the intersection Ωw X Hessps, hq is T -stable and
has an affine cell decomposition:

(2.4) Ωw X Hessps, hq “
ğ

věw

pΩ˝
v X Hessps, hqq.

Hence the intersection Ωw X Hessps, hq is a GKM variety and its GKM graph is the sub-
graph of ΓpHessps, hqq induced by the vertex set pΩw X Hessps, hqqT “ rw,w0s. In general,
Ωw X Hessps, hq is reducible, and each of its irreducible components is of the form Ωv,h for
some v P rw,w0s. Each set on the right-hand side of (2.4) is a Bia lynicki-Birula cell of
Hessps, hq, which is an affine cell.

Definition 2.3. For a Hessenberg function h, a permutation w is called h-admissible if it
satisfies

w´1pwpjq ` 1q ď hpjq for all j such that wpjq ď n ´ 1.

For example, when h “ p3, 3, 4, 4q, there are twelve h-admissible permutations:

1234, 1423, 2134, 2341, 2431, 3241, 3412, 3421, 4123, 4231, 4312, 4321.

One important property of h-admissible permutations is that the associated Hessenberg
Schubert cohomology classes generate the cohomology of the Hessenberg variety Hessps, hq as
an Sn-module. For the definition of the action of Sn on H˚pHessps, hqq, see [14].

Theorem 2.4 (see [6, Theorem A] for details). For each k ě 0, the set of Hessenberg Schu-
bert cohomology classes rΩw,hs associated with h-admissible permutations satisfying ℓhpwq “ k

generates the Sn-module H2kpHessps, hq;Cq, where rΩw,hs is the cohomology class of a Hes-

senberg Schubert variety Ωw,h in the cohomology ring of Hessps, hq.2

The main geometric ingredient of the proof of Theorem 2.4 is that there is an equivalence
relation on Sn so that the associated Hessenberg Schubert varieties in the same equivalence
class share common features and the set of h-admissible permutations serves as a set of
representatives of this equivalence relation. The precise statement is presented below.

Proposition 2.5 (cf. [6, 5, 11]). For a permutation w P Sn, there is a unique h-admissible
permutation rwě w satisfying that

(2.5) rwpiq ă rwpjq if and only if wpiq ă wpjq for all i ă j with j ď hpiq.

In this case, we have

(2.6) Ωw,h “ upΩ˝
rw X Hesspu´1su, hqq,

where u “ w rw´1.

Note that for each w P Sn, the unique h-admissible permutation rw satisfying (2.5) can
be obtained from [6, Proposition 3.8], and for such rw and u, (2.6) holds by [5, Lemma 4.5].
Alternatively, the same result follows from Lemma 2.11 and Proposition 3.14 in [11].

In what follows, we show that Ωw,h and Ωw have the same T -fixed point set if and only if
w P Sn is h-admissible.

Proposition 2.6. Let h : rns Ñ rns be a Hessenberg function. A permutation w P Sn is
h-admissible if and only if ΩT

w,h “ rw,w0s.

2In [5], rΩw,hs is denoted by σw,h, which we do not use here.
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Proof. By [11, Theorem 4.8], if w is h-admissible, then ΩT
w,h “ rw,w0s. To prove the converse,

suppose that w is not h-admissible but ΩT
w,h “ rw,w0s. By Proposition 2.5, there exists a

unique h-admissible permutation rw ą w such that Ωw,h “ upΩ˝
rw X Hesspu´1su, hqq, where

u “ w rw´1. Then we have ΩT
w,h “ upΩ˝

rw X Hesspu´1su, hqqT , that is, rw,w0s “ ur rw,w0s

(cf. [11, Corollary 4.12]). However, since w ă rw, it follows that r rw,w0s Ĺ rw,w0s. Therefore,
two intervals rw,w0s and r rw,w0s have different cardinalities, which contradicts rw,w0s “

ur rw,w0s. □

It follows from Proposition 2.6 that if w is not an h-admissible permutation, ΩwXHessps, hq

is reducible because
pΩw X Hessps, hqqT “ ΩT

w “ rw,w0s Ľ ΩT
w,h

and Ωw,h is an irreducible component of Ωw X Hessps, hq. However, the h-admissibility does
not ensure the irreducibility of the intersection ΩwXHessps, hq (cf. Examples 4.8, 5.2, and [11,
Example 4.16]).

Recall that ΓpΩw,hq is the graph whose vertices are ΩT
w,h and edges are T -stable curves

in Ωw,h.

Corollary 2.7. For a permutation w P Sn, let rw be the corresponding h-admissible permu-
tation. Then the graphs ΓpΩw,hq and ΓpΩ

rw,hq are isomorphic as unlabeled graphs.

Proof. Let u “ w rw´1. Then ΩT
rw,h “ r rw,w0s and ΩT

w,h “ ur rw,w0s. Note that two vertices z

and v are connected by an edge in ΓpΩw,hq if and only if u´1z and u´1v are connected by an

edge in ΓpΩ
rw,hq. Therefore, u is an isomorphism from ΓpΩ

rw,hq to ΓpΩw,hq.3 □

3. Smoothness

Let T be an algebraic torus and let X be a smooth GKM variety with respect to a T -
action on X. Let Y be a T -stable smooth subvariety of X. In this section, we consider
the intersection of Y with the closure of a Bia lynicki-Birula cell of X. Also, we will prove
Theorem 1.1.

Let S be the set of T -fixed points in X, and denote by Ω˝
w the Bia lynicki-Birula (minus) cell

of X with respect to a generic one-parameter subgroup of T , that is, we have the Bia lynicki-
Birula decomposition of X as follows:

X “
ğ

wPS
Ω˝
w.

Since X is smooth, each cell Ω˝
w is an affine cell. We denote by Ωw the closure of Ω˝

w. We
note that the Bia lynicki-Birula decomposition is not necessarily a stratification.4

Let Y be a T -stable subvariety of X. If Y is smooth, then it is a GKM variety. In general,
the subvariety Y is not necessarily a GKM variety, but we investigate the geometry of Y using
its one-skeleton.

Definition 3.1. Let X be a smooth GKM variety with respect to a T -action on X, and let
Y be a T -stable subvariety of X. Define a (undirected) graph ΓpY q by

‚ the set of vertices of ΓpY q is Y T Ď XT ;

3In graph theory, an isomorphism of graphs G and H is an edge-preserving bijection between the vertex
sets of G and H.

4For more details on the Bia lynicki-Birula decomposition, see [1].
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‚ tv, wu is an edge if and only if there exists a one-dimensional T -orbit closure in Y
whose fixed points are v and w.

By definition, ΓpXq is the underlying graph of the GKM graph of X, and we have ΓpY q Ď

ΓpXq. Notice that the graph ΓpY q is not necessarily an induced subgraph of ΓpXq. For a
graph Γ, let V pΓq denote the set of vertices of Γ and let EpΓq denote the set of edges of Γ.

Example 3.2. Let X be a flag variety FℓpC3q. Regarding the left multiplication of a maximal
torus T – pC˚q3, the flag variety X is a GKM variety. There are six T -fixed points indexed
by the elements of the symmetric group S3. Recall from Proposition 2.2, the GKM graph
of X has the following edges:

tpw,wpi, jqq | w P S3, 1 ď i ă j ď 3u.

Consider the permutohedral variety Y of dimension 2, which is a torus orbit closure in X
satisfying Y T “ XT . The set of T -stable curves can be expressed by

tpw,wpi, i ` 1qq | w P S3, i “ 1, 2u.

Accordingly, ΓpY q Ĺ ΓpXq while V pΓpY qq “ V pΓpXqq.

For v P Y T , we denote by

EpY, vq :“ tC Ď Y | C is a T -curve and v P C u

the set of T -curves in Y passing through v. Thus, EpY, vq is naturally identified with the set
of edges of ΓpY q incident to v.

Lemma 3.3 ([4, Lemma in Section 2]). Let X Ă PN be a T -stable projective subvariety where
T Ă GLN`1pCq. Suppose that XT is finite. Then, for each fixed point x P XT , the number of
one-dimensional orbit closures containing x is at least dimCpXq.

For w P S, consider the intersection of Y with the affine cell Ω˝
w and the closure of the

intersection:

Ω˝
w,Y :“ Ω˝

w X Y, Ωw,Y :“ Ω˝
w,Y .

If Y is a smooth T -stable subvariety of X, then the set tΩ˝
w,Y uwPS of intersections forms the

Bia lynicki-Birula decomposition of Y and each element is an affine cell.
The intersection Ωw X Y is again a T -stable subvariety of X which could be reducible and

non-equidimensional in general (see Example 5.3). Considering the graph ΓpΩw XY q, we can
determine the smoothness of the intersection Ωw X Y .

Proposition 3.4. Let Y be a smooth T -stable subvariety of a GKM variety X. Fix w P S “

XT such that Ω˝
w X Y ‰ H. Let w “ v0, v1, . . . , vr “ p be a path in ΓpΩw X Y q. If

|EpΩw X Y, viq| “ dimpΩ˝
w,Y q for i “ 0, . . . , r,

then vi P Ωw,Y and EpΩw,Y , viq “ EpΩw X Y, viq for i “ 0, . . . , r.
In particular, if ΓpΩw X Y q is connected and regular, then its degree is dimpΩ˝

w,Y q and

ΓpΩw,Y q “ ΓpΩw X Y q.

Proof. We note that since Ω˝
w X Y is an affine space and is open in Ωw X Y , the intersection

Ωw X Y is smooth at every point of Ω˝
w X Y , and in particular, at w. This implies that we

have

(3.1) |EpΩw X Y,wq| “ dimpΩ˝
w,Y q.
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Applying Lemma 3.3 to Ωw,Y , we get dimpΩ˝
w,Y q ď |EpΩw,Y , wq|. On the other hand, we have

EpΩw,Y , wq Ď EpΩw X Y,wq. Accordingly,

dimpΩ˝
w,Y q ď |EpΩw,Y , wq| ď |EpΩw X Y,wq| “ dimpΩ˝

w,Y q.

This proves EpΩw,Y , wq “ EpΩw X Y,wq.
We proceed by induction along the path on the graph ΓpΩw X Y q. The assertion holds for

v0 “ w. Suppose that vi P Ωw,Y . Since Ωw,Y is irreducible, Lemma 3.3 gives |EpΩw,Y , viq| ě

dimpΩ˝
w,Y q. On the other hand, we have EpΩw,Y , viq Ď EpΩw X Y, viq. Considering their

cardinalities, we obtain

(3.2) EpΩw,Y , viq “ EpΩw X Y, viq.

The T -curve joining vi and vi`1 belongs to EpΩw X Y, viq. By (3.2), it also belongs to
EpΩw,Y , viq, and hence it is contained in Ωw,Y . Therefore, vi`1 P Ωw,Y . This completes the
induction and proves the first assertion.

Finally, suppose that ΓpΩwXY q is regular and connected. By (3.1), its degree is dimpΩ˝
w,Y q.

Since the graph ΓpΩw X Y q is connected, the first part of the proposition proves ΓpΩw,Y q “

ΓpΩw X Y q. □

Proof of Theorem 1.1. Let d “ dimpΩ˝
w,Y q. If Ωw X Y is smooth, then at every fixed point

the number of incident T -curves equals its dimension Ω˝
w,Y , so the graph is d-regular. This

proves (2) ùñ (1).
Consider the direction (1) ùñ (2). Suppose that the graph ΓpΩw X Y q is d-regular. By

Proposition 3.4, we have ΓpΩw X Y q “ ΓpΩw,Y q.

Since Y is smooth, we get TvY “ TEpY, vq for any v P pΩwXY qT . Moreover, the GKM con-
dition implies that the tangent lines of distinct T -curves through v are linearly independent.
Therefore, for every v P pΩw X Y qT ,

TEpΩw X Y, vq Ď TvpΩw X Y q

Ď TvΩw X TvY

“ TEpΩw, vq X TEpY, vq

“ TEpΩw X Y, vq.

Consequently, TvpΩw X Y q “ TEpΩw X Y, vq and hence

dimTvpΩw X Y q “ d.

By Proposition 3.4, the point v belongs to Ωw,Y . Hence

d ď dimvpΩw X Y q ď dimTvpΩw X Y q “ d.

Therefore, Ωw X Y is smooth at every v P pΩw X Y qT . This proves that Ωw X Y is smooth.
Indeed, if the singular locus of ΩwXY were nonempty, it would be a nonempty closed T -stable
subvariety and would therefore contain a T -fixed point.

Since ΓpΩw X Y q is connected, Ωw X Y is connected. As Ωw X Y is smooth, its irreducible
components are pairwise disjoint. Since Ωw,Y is an irreducible component of Ωw X Y , we
conclude that Ωw,Y “ Ωw X Y , which proves the theorem. □

As one can see in the proof of Theorem 1.1, together with Proposition 3.4, the following
local version holds.
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Corollary 3.5. Let X,Y , and Ωw be the same as in Theorem 1.1. Let p P pΩw X Y qT . If
there exists a path γ connecting w and p such that |EpΩw X Y, vq| “ dim Ω˝

w,Y holds for all

v P V pγq, then Ωw X Y is smooth at p.

Remark 3.6. As we saw in the proof of Theorem 1.1, the implication (1) ùñ (2) remains
valid if dimpTvΩw X TvY q ď d for every v P pΩw X Y qT .

Remark 3.7. In Theorem 1.1, the regularity condition on the graph ΓpΩw X Y q is not
necessary for the irreducibility of Ωw X Y . For instance, if X “ Y “ G{B, then Ωw X Y “

Ωw and so is irreducible for any w P XT . However, Ωw could be singular, and the graph
corresponding to Ωw X Y “ Ωw is not regular.

Proposition 3.8. Let X be a smooth GKM variety with respect to a T -action on X whose
Bia lynicki-Birula decomposition tΩ˝

wuwPS forms a stratification. Let Y be a T -stable smooth
subvariety of X with Ω˝

w X Y ‰ H. Then Ωw,Y is an irreducible component of Ωw X Y .
Furthermore, any irreducible component of Ωw X Y is of the form Ωv,Y for some fixed point
v in S.

Proof. Since the Bia lynicki-Birula decomposition forms a stratification, we have

(3.3) Ωw “
ď

vPΩT
w

Ω˝
v,

where ΩT
w Ď S is the set of T -fixed points of Ωw. By intersecting both sides of (3.3) with Y ,

we obtain

Ωw X Y “
ď

vPΩT
w

Ω˝
v,Y .

Each set on the right-hand side is a Bia lynicki-Birula cell of Y , which is an affine cell since
Y is smooth. Therefore, each irreducible component of the intersection Ωw X Y should be of
the form Ωv,Y for some v P ΩT

w.
We notice that each cell Ω˝

u,Y has a unique T -fixed point u, which is the minimal element

in ΩT
u,Y with respect to the partial order ď on S. Since

w P pΩw X Y qT “ pΩwqT X Y T Ď ΩT
w

and w is the minimal element in ΩT
w, the closure Ωw,Y is an irreducible component of Ωw X

Y . □

4. Hessenberg varieties in type A

Recall from Section 2 that the flag variety FℓpCnq is a smooth GKM variety whose
Bia lynicki-Birula decomposition tΩ˝

wuwPSn with respect to the natural T -action forms a
stratification, and a regular semisimple Hessenberg variety Hessps, hq is a T -stable smooth
subvariety of FℓpCnq. In this section, we apply the results from Section 3 to the inter-
section Ωw X Hessps, hq and prove Theorem 1.3. A new ingredient is the equivalence be-
tween the smoothness and the palindromicity of the Poincaré polynomial for the intersection
Ωw X Hessps, hq (Theorem 4.7). We also include a brief overview of the pattern avoidance
criteria for regularity, previously established in [7]. Finally, we study the local smoothness of
Hessenberg Schubert varieties at fixed points corresponding to certain h-Bruhat covers.

In Theorem 1.2, if the intersection ΩwXHessps, hq is connected and smooth, then it becomes
the Hessenberg Schubert variety Ωw,h. One may ask when the intersection Ωw X Hessps, hq
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Figure 3. ΓpΩw X Hessps, hqq when w “ 213 and h “ p2, 3, 3q

is connected; equivalently, the corresponding graph ΓpΩw X Hessps, hqq is connected. The
following statement gives a sufficient condition for ΓpΩw X Hessps, hqq to be connected.

Proposition 4.1. The graph ΓpΩw X Hessps, hqq is connected if either

(1) w is h-admissible, or
(2) Hessps, hq is connected.

Proof. We first consider the case where w is h-admissible. It follows from Proposition 2.11
in [5] that there is a path from u to w0 in ΓpΩw X Hessps, hqq for each u P rw,w0s, so
ΓpΩw X Hessps, hqq is connected.

Now assume that Hessps, hq is connected; equivalently, hpiq ą i for each i “ 1, . . . , n ´ 1.
For each v P Sn, we construct a chain

v ăh vsj1 ăh vsj1sj2 ăh ¨ ¨ ¨ ăh vsj1 ¨ ¨ ¨ sjk “ w0.

by iteratively choosing indices i such that vtpiq ă vtpi ` 1q, where v0 “ v and vt “ vsj1 ¨ ¨ ¨ sjt
for 0 ď t ď k ´ 1. At each step, we take jt`1 “ i for the chosen index i. Then vt and
vt`1 “ vtsjt`1 are connected by an edge in ΓpHessps, hqq because hpiq ě i ` 1 for every
1 ď i ă n. If we take v ě w, then vt ě w for every 1 ď t ď k, so ΓpΩw X Hessps, hqq is
connected. □

Remark 4.2. The graph ΓpΩw X Hessps, hqq can be connected even when w is not h-
admissible, provided that Hessps, hq is connected. For instance, when h “ p2, 3, 3q and
w “ 213, ΓpΩw X Hessps, hqq is connected, but it is not a regular graph. See Figure 3.

Remark 4.3. As an immediate consequence of Proposition 4.1, we observe the following:

(1) If the graph ΓpΩw X Hessps, hqq is disconnected, then w is not h-admissible.
(2) If Hessps, hq is connected and w is not h-admissible, then Ωw X Hessps, hq is reducible

and connected, so Ωw X Hessps, hq is not smooth. Accordingly, ΓpΩw X Hessps, hqq is
not regular.

(3) If w is not h-admissible and ΓpΩw X Hessps, hqq is regular, then Hessps, hq is discon-
nected.

4.1. Regularity, palindromicity, and smoothness. We now investigate the structure
of ΓpΩw X Hessps, hqq for an h-admissible permutation w. Note that for each vertex u in
ΓpΩw XHessps, hqq, the size of the set EpΩw XHessps, hq, uq is equal to the size of the following
set

Ew,hpuq :“ tpi, jq | upi, jq ě w and 1 ď i ă j ď hpiqu,

which consists of the transpositions defining the edges meeting at u. We assume that all
transpositions pi, jq satisfy i ă j for notational convenience. Using the graph ΓpHessps, hqq,
we define the notion of h-Bruhat order on Sn as the transitive closure of the following relation:

u ăh v if and only if v “ upi, jq for some pi, jq such that j ď hpiq and ℓpvq ą ℓpuq.
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The following lemma will be used repeatedly in the remainder of this section.

Lemma 4.4. [7, Lemma 3.6] Let w be an h-admissible permutation. For vertices u and v in
ΓpΩw X Hessps, hqq satisfying that v “ upa, bq for some pa, bq P Ew,hpuq and u ăh v, the map

ϕuv : Ew,hpuq Ñ Ew,hpvq by pi, jq ÞÑ pi, jq is injective, where

pi, jq :“

$

’

&

’

%

pb, jq if i “ a, j ą b, and pb, jq R Ew,hpuq,

pi, aq if i ă a, j “ b, and pi, aq R Ew,hpuq,

pi, jq otherwise.

Example 4.5. For h “ p3, 3, 4, 4q and w “ 2134, we demonstrate Lemma 4.4. We refer the
reader to Figure 5 for the graph ΓpΩw X Hessps, hqq. We first notice that two exceptional
cases in Lemma 4.4 occur only when i “ a ă j ă b or i ă a ă j “ b.

Take u “ 3142 and v “ 3412 “ 3142p2, 3q, that is pa, bq “ p2, 3q. In this case, we have

Ew,hpuq “ tp1, 3q, p2, 3q, p3, 4qu and Ew,hpvq “ tp1, 2q, p2, 3q, p3, 4qu.

For pi, jq “ p2, 3q or p3, 4q, neither i “ a ă b ă j nor i ă a ă j “ b. Therefore, ϕuvp2, 3q “

p2, 3q and ϕuvp3, 4q “ p3, 4q. For pi, jq “ p1, 3q P Ew,hpuq, we have 1 ă a “ 2, 3 “ b, and
moreover, p1, 2q R Ew,hpuq. Therefore, we get ϕuvp1, 3q “ p1, 2q.

Let w be an h-admissible permutation. We denote by degw,hpuq the number of edges
incident to u in ΓpΩw X Hessps, hqq, that is,

degw,hpuq “ |Ew,hpuq| “ |EpΩw X Hessps, hq, uq|.

It follows from Lemma 4.4 that

u ăh v ùñ degw,hpuq ď degw,hpvq.

Corollary 4.6. Let w be an h-admissible permutation. For a vertex u P rw,w0s, if degw,hpuq “

dim Ω˝
w,h, then Ωw X Hessps, hq is smooth at each v with w ďh v ďh u. In particular, if

degw,hpw0q “ dim Ω˝
w,h, then Ωw X Hessps, hq “ Ωw,h and it is smooth.

Proof. Recall that if w is h-admissible, each u P rw,w0s satisfies that w ďh u ďh w0 by
[5, Proposition 2.11] and [7, Lemma 3.2]. By Lemma 4.4, if degw,hpuq “ dim Ω˝

w,h, then

degw,hpvq “ dim Ω˝
w,h for every vertex v with w ďh v ďh u. Therefore, the result follows from

Corollary 3.5.
If we further assume that degw,hpw0q “ dim Ω˝

w,h, then the graph ΓpΩw X Hessps, hqq is
regular by Lemma 4.4. By applying Theorem 1.2, the result follows. □

Since

Ωw X HesspS, hq “
ğ

věw

`

Ω˝
v X Hessps, hq

˘

, Ω˝
v X Hessps, hq – Cdh´ℓhpvq,

the Poincaré polynomial of Ωw X Hessps, hq is

Pw,hpqq “
ÿ

věw

qdh´ℓhpvq,

where q is assigned cohomological degree 2.

Theorem 4.7. Let w P Sn be h-admissible. Then the following are equivalent:

(1) Ωw X Hessps, hq is smooth.
(2) Ωw X Hessps, hq is irreducible, and Pw,hpqq is palindromic.
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(3) ΓpΩw X Hessps, hqq is regular.

Proof. Let us consider the implication p1q ùñ p2q. Since w is h-admissible, Ωw X Hessps, hq

is connected by Proposition 4.1. Its smoothness implies the irreducibility, and the palin-
dromicity of Pw,hpqq is clear. On the other hand, p3q ùñ p1q follows from Theorem 1.2 and
Proposition 4.1. Hence, it remains to prove p2q ùñ p3q.

For simplicity, write Γ :“ ΓpΩw X Hessps, hqq. Then V pΓq “ rw,w0s. Note that

Pw,hp1q “ |V pΓq|

and

P 1
w,hp1q “

ÿ

věw

`

dh ´ ℓhpvq
˘

.

For each v ě w, the quantity dh´ℓhpvq is equal to the number of upward edges of Γ emanating
from v. Therefore, summing over all v ě w counts each edge of Γ exactly once, and hence

P 1
w,hp1q “ |EpΓq|.

Assume that Ωw X Hessps, hq is irreducible and Pw,hpqq is palindromic. Since

degPw,hpqq “ dh ´ ℓhpwq,

we have

qdh´ℓhpwqPw,hpq´1q “ Pw,hpqq.

Differentiating both sides and substituting q “ 1, we obtain
`

dh ´ ℓhpwq
˘

Pw,hp1q “ 2P 1
w,hp1q.

Therefore,

(4.1)
`

dh ´ ℓhpwq
˘

|V pΓq| “ 2|EpΓq|.

By the handshaking lemma,
ÿ

vPV pΓq

degw,hpvq “ 2|EpΓq|.

Combining this with (4.1), we obtain

(4.2)
ÿ

vPV pΓq

degw,hpvq “
ÿ

vPV pΓq

`

dh ´ ℓhpwq
˘

.

On the other hand, since w is h-admissible, Lemma 4.4 implies that

degw,hpvq ě degw,hpwq “ dh ´ ℓhpwq

for every v ě w. Together with (4.2), this forces

degw,hpvq “ dh ´ ℓhpwq

for every v ě w. Therefore, Γ is regular. □

The following example shows that the irreducibility assumption in Theorem 4.7(2) cannot
be omitted.
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Example 4.8. Consider h “ p2, 4, 5, 5, 5q and w “ 12534 P S5. Then

dh “

5
ÿ

i“1

phpiq ´ iq “ 6.

Moreover, w is h-admissible and ℓhpwq “ 2. Indeed,

w´1p2q “ 2 ď hp1q, w´1p3q “ 4 ď hp2q, w´1p4q “ 5 ď hp4q, w´1p5q “ 3 ď hp5q.

A direct enumeration of the permutations v ě w, according to their h-lengths, gives

k 1 2 3 4 5 6
ˇ

ˇtv ě w | ℓhpvq “ ku
ˇ

ˇ 1 8 27 27 8 1

Therefore,

Pw,hpqq “ 1 ` 8q ` 27q2 ` 27q3 ` 8q4 ` q5,

which is palindromic.
On the other hand, the GKM graph Γ

`

Ωw X Hessps, hq
˘

is not regular, since

degw,hpwq “ 4 whereas degw,hpw0q “ 6.

Note that, for v “ 51234 ě w,

ℓhpvq “ 1 ă 2 “ ℓhpwq.

This implies that the dimension of the Hessenberg Schubert variety Ωv,h is greater than that
of Ωw,h. Therefore, the intersection Ωw X Hessps, hq is reducible at v. In particular, the
cell Ω˝

w,h corresponding to w is not of maximal dimension in the intersection Ωw X Hessps, hq.
This explains why the palindromicity does not imply the regularity in this example.

Before we prove Theorem 1.3, we recall the pattern avoidance criteria for the regularity of
ΓpΩw X Hessps, hqq established in [7]. For further details, we refer the reader to [7]. Let h
be a Hessenberg function on rns. For an h-admissible permutation w P Sn, we say that w
contains the associated pattern πh if there exist indices i ă j ă k ă ℓ satisfying the following
conditions:

(1) 2143h: wpjq ă wpiq ă wpℓq ă wpkq, with i ă j ă k ă ℓ ď hpiq.
(2) 1324h: wpiq ă wpkq ă wpjq ă wpℓq, with i ă j ă k ă ℓ ď hpjq and k ď hpiq.
(3) 1243h: wpiq ă wpjq ă wpℓq ă wpkq, with i ă j ă k ă ℓ ď hpjq and j ď hpiq ă ℓ.
(4) 2134h: wpjq ă wpiq ă wpkq ă wpℓq, with i ă j ă k ă ℓ ď hpkq and k ď hpiq ă ℓ.
(5) 1423h: wpiq ă wpkq ă wpℓq ă wpjq, with i ă j ă k ă ℓ ď hpjq and k ď hpiq ă ℓ.
(6) 2314h: wpkq ă wpiq ă wpjq ă wpℓq, with i ă j ă k ă ℓ ď hpjq and k ď hpiq ă ℓ.
(7) 2413h: wpkq ă wpiq ă wpℓq ă wpjq, with i ă j ď hpiq ă k ď hpjq ă ℓ ď hpkq.

Theorem 4.9. [7, Theorem C] For an h-admissible permutation w, the graph ΓpΩw X

Hessps, hqq is regular if and only if w avoids all associated patterns

2143h, 1324h, 1243h, 2134h, 1423h, 2314h, 2413h.

Let us prove Theorem 1.3.

Proof of Theorem 1.3. The equivalence of statements (1)–(4) follows from Theorems 4.7 and 4.9.
Hence, it is enough to prove the last statement. Note that the GKM graph of Hessps, hq is
independent of the choice of s, so ΓpΩw X Hessps, hqq does not depend on the choice of s.
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Hence, if the graph ΓpΩ
rw X Hessps, hqq is regular, then ΓpΩ

rw X Hesspu´1su, hqq is also regu-
lar. Moreover, this graph is connected by Proposition 4.1. It follows from Theorem 1.2 that
Ω

rw X Hesspu´1su, hq “ Ω˝
rw X Hesspu´1su, hq and is smooth. Since

Ωw,h “ upΩ˝
rw X Hesspu´1su, hqq

by Proposition 2.5, the Hessenberg Schubert variety Ωw,h is smooth. □

Remark 4.10. When w is not h-admissible, the pattern 2413h is replaced by four patterns:
25314h, 24315h, 14325h, and 15324h. If w avoids all ten patterns, then Ωw,h is smooth; see
Definition 4.9 and Theorem 4.14 in [7] for details. However, this does not imply that the graph
ΓpΩw X Hessps, hqq is regular. Note that the graph Γw,h in [7] is the subgraph of ΓpHessps, hqq

induced by ΩT
w,h, so we have ΓpΩw,hq Ď Γw,h Ď ΓpΩw X Hessps, hqq, where each inclusion may

be proper. Indeed, the second inclusion is an equality if and only if w is h-admissible.

4.2. Smoothness at h-Bruhat covers. We recall a well-known criterion for determining
whether v ď w in the Bruhat order. Given a subset S Ď rns, we write S Ò for the tuple
obtained by listing the elements of S in increasing order.

Proposition 4.11. [3, Theorem 2.6.3] For u, v P Sn, the following statements are equivalent:

(1) u ď v in the Bruhat order.
(2) urksÒď vrksÒ for all k P rns.

Here, we denote by urks the set tup1q, up2q, . . . , upkqu.

Definition 4.12. Let t “ pa, bq be a reflection with a ă b. We say that a Hessenberg function
h is transitive with respect to t “ pa, bq if the following conditions hold:

(1) a ă b ď hpaq;
(2) for every i ă a, if a ď hpiq, then b ď hpiq;
(3) for every j ą b, if j ď hpbq, then j ď hpaq; equivalently, hpaq “ hpbq.

We write u Ìh v if v covers u in the h-Bruhat order; that is, u ăh v and there is no x P Sn

such that u ăh x ăh v. In this case, we say v is an h-Bruhat cover of u.

Proposition 4.13. Let w P Sn, and let rw be the unique h-admissible permutation corre-
sponding to w. Suppose that rw Ìh v “ rwpa, bq and that h is transitive with respect to the
reflection pa, bq. Then Ω

rw X Hessps, hq is smooth at v.
Consequently, Ωw,h is smooth at z “ wpa, bq P ΩT

w,h whenever rw Ìh rwpa, bq and h is

transitive with respect to pa, bq.

Proof. Set u “ w rw´1. By Proposition 2.5, for z P ΩT
w,h, if Ω

rw,h is smooth at u´1z, the variety

Ωw,h is smooth at z. Hence it suffices to show that Ω
rw,h is smooth at v “ rwpa, bq. Moreover,

by Corollary 3.5, it is enough to prove that deg
rw,hpvq “ |EpΩ

rw X Hessps, hq, vq| “ dim Ω˝
w,h.

In the following, we will frequently apply Proposition 4.11. We do not mention it explicitly
in each case.

For notational simplicity, we now assume that w is h-admissible and v “ wpa, bq. To prove
the smoothness of Ωw,h at v, by Corollary 3.5, it is enough to show that degw,hpvq “ dim Ω˝

w,h.
By Lemma 4.4, it suffices to show that the map

ϕwv : Ew,hpwq Ñ Ew,hpvq

is surjective.
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For each pi, jq P Ew,hpvq, there are three possibilities: |ti, ju X ta, bu| “ 2, 1, or 0. Note
that a ă b and i ă j. If ti, ju “ ta, bu, then ϕwvpa, bq “ pa, bq. If ti, ju X ta, bu “ H, then
pi, jq P Ew,hpvq implies wpiq ă wpjq, since v “ wpa, bq is an h-Bruhat cover of w. Hence,
pi, jq P Ew,hpwq. Indeed, if we apply Proposition 4.11 to wpa, bqpi, jq ą w, then the desired
result can be obtained in each case by choosing k as follows:

#

k “ i if i ă a or i ą b; and

k “ b if a ă i ă b.

Thus, we have only to show that ϕ´1
wvpi, jq is nonempty for the transposition pi, jq P Ew,hpvq

with |ti, ju X ta, bu| “ 1. There are four possible cases to consider. Throughout these cases,
we use the fact that wpaq ă wpbq, which follows from w ă v “ wpa, bq in the Bruhat order by
Proposition 4.11.

Case 1. i “ a ă j ă b: The following table lists the one-line notation for each of the
permutations w, v, vpa, jq, and wpa, jq.

i “ a j b
w “ ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpjq ¨ ¨ ¨ wpbq ¨ ¨ ¨

v “ ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpjq ¨ ¨ ¨ wpaq ¨ ¨ ¨

vpa, jq “ ¨ ¨ ¨ wpjq ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨

wpa, jq “ ¨ ¨ ¨ wpjq ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpbq ¨ ¨ ¨

If pa, jq P Ew,hpvq, then vpa, jq ą w, so wpaq ă wpjq by Proposition 4.11. Therefore,
wpa, jq ą w, which implies pa, jq P Ew,hpwq. Accordingly, ϕwvpa, jq “ pa, jq.

Case 2. a ă i ă j “ b: The following table lists the one-line notations for the permu-
tations w, v, vpi, bq, and wpi, bq.

a i j “ b
w “ ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpiq ¨ ¨ ¨ wpbq ¨ ¨ ¨

v “ ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpiq ¨ ¨ ¨ wpaq ¨ ¨ ¨

vpi, bq “ ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpiq ¨ ¨ ¨

wpi, bq “ ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpiq ¨ ¨ ¨

If pi, bq P Ew,hpvq, then vpi, bq ą w, which implies that wpiq ă wpbq. Hence wpi, bq ą w,
which implies pi, bq P Ew,hpwq, so ϕwvpi, bq “ pi, bq.

Case 3. i ă a and j P ta, bu: First, consider the case when j “ a. The following table
displays the one-line notation for each of the permutations w, v, vpi, aq, and wpi, bq.

i a b
w “ ¨ ¨ ¨ wpiq ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpbq ¨ ¨ ¨

v “ ¨ ¨ ¨ wpiq ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨

vpi, aq “ ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpiq ¨ ¨ ¨ wpaq ¨ ¨ ¨

wpi, bq “ ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpiq ¨ ¨ ¨

If pi, aq P Ew,hpvq, then vpi, aq ą w, so wpiq ă wpbq. Moreover, since pi, aq P Ew,hpvq,
we have a ď hpiq. Since i ă a and h is transitive with respect to pa, bq, it follows that
b ď hpiq. Thus, pi, bq is an h-allowed transposition. Together with wpiq ă wpbq, we
obtain pi, bq P Ew,hpwq. If pi, aq R Ew,hpwq, then ϕwvpi, bq “ pi, aq; otherwise, we have
ϕwvpi, aq “ pi, aq.
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We now turn to the case when j “ b. The one-line notations for w, v, vpi, bq, and
wpi, bq are shown below.

i a b
w “ ¨ ¨ ¨ wpiq ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpbq ¨ ¨ ¨

v “ ¨ ¨ ¨ wpiq ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨

vpi, bq “ ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpiq ¨ ¨ ¨

wpi, bq “ ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpiq ¨ ¨ ¨

If pi, bq P Ew,hpvq, then from vpi, bq ą w, we have wpiq ă wpaq and thus pi, aq P

Ew,hpwq. Since wpaq ă wpbq, we have pi, bq P Ew,hpwq, so ϕwvpi, bq “ pi, bq.

Case 4. i P ta, bu and j ą b: The following table lists the one-line notation for each of
the permutations w, v, vpa, jq, and wpa, jq.

a b j
w “ ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpjq ¨ ¨ ¨

v “ ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpjq ¨ ¨ ¨

vpa, jq “ ¨ ¨ ¨ wpjq ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpbq ¨ ¨ ¨

wpa, jq “ ¨ ¨ ¨ wpjq ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨

If pa, jq P Ew,hpvq, then wpaq ă wpjq, so pa, jq P Ew,hpwq and pb, jq P Ew,hpwq.
Accordingly, ϕwvpa, jq “ pa, jq.

It remains to consider the case pb, jq P Ew,hpvq. Listed below are the one-line
notations for w, v, vpb, jq, and wpa, jq.

a b j
w “ ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpjq ¨ ¨ ¨

v “ ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨ wpjq ¨ ¨ ¨

vpb, jq “ ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpjq ¨ ¨ ¨ wpaq ¨ ¨ ¨

wpa, jq “ ¨ ¨ ¨ wpjq ¨ ¨ ¨ wpbq ¨ ¨ ¨ wpaq ¨ ¨ ¨

Since vpb, jq ą w, we have wpaq ă wpjq. Since pb, jq P Ew,hpvq, we also have b ă

j ď hpbq. By the transitivity of h with respect to pa, bq, it follows that j ď hpaq.
Together with wpaq ă wpjq, we obtain pa, jq P Ew,hpwq. If pb, jq R Ew,hpwq, then
ϕwvpa, jq “ pb, jq. Otherwise, ϕwvpb, jq “ pb, jq.

This proves the proposition. □

5. Further questions

We have been considering the smoothness of the Hessenberg Schubert variety Ωw,h by
studying the intersection Ωw XHessps, hq, as described in Theorem 1.2. In particular, we have
provided a sufficient condition, formulated in terms of the graph ΓpΩw X Hessps, hqq, under
which the intersection Ωw XHessps, hq is irreducible, and moreover, Ωw,h is smooth. However,
the regularity of ΓpΩwXHessps, hqq is not necessary for the irreducibility in the general setting
(see Remark 3.7), nor is it necessary for the smoothness of Ωw,h (see Example 5.5). In this
section, we present additional questions regarding the structure of Ωw X Hessps, hq that may
offer deeper insights into the geometry of the Hessenberg Schubert variety Ωw,h.

Regarding the irreducibility of the intersection Ωw X Hessps, hq, we present the following
question:

Question 5.1. Let h : rns Ñ rns be a Hessenberg function and w P Sn.
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(1) Find a necessary and sufficient condition on w such that ΩwXHessps, hq is irreducible.
(2) For v ě w, find a necessary and sufficient condition on v such that Ωw X Hessps, hq

is irreducible at v.
(3) Find an explicit description of the irreducible components of Ωw X Hessps, hq, that is,

find Cw Ď Sn such that

Ωw X Hessps, hq “
ď

vPCw

Ω˝
v X Hessps, hq,

where each Ω˝
v X Hessps, hq for v P Cw is an irreducible component in Ωw X Hessps, hq.

Considering (1) and (2) of Question 5.1, the existence of u P rw,w0s distinct from w with
ℓhpuq ď ℓhpwq implies that Ωw X Hessps, hq is reducible. One may ask whether the condition
ℓhpuq ą ℓhpwq for every u ąh w implies the irreducibility of Ωw X Hessps, hq. The following
example shows that this is not true.

Example 5.2. Let h “ p3, 4, 5, 5, 5q and w “ 25314. Then w is h-admissible. Using Sage-
Math [13], we can check that ℓhpuq ą ℓhpwq for every u with w ă u ď w0. However,
Ωw X Hessps, hq is reducible at v “ 52341.

Related to Question 5.1(3), one may wonder whether the intersection Ωw X Hessps, hq is
equidimensional. We saw in Example 4.8 that the irreducible components might have different
dimensions. In the following example, we examine how to find the irreducible components.

Example 5.3. Let h “ p3, 3, 4, 4q and w “ 3214. Then w is not h-admissible and rw “

4312 is the corresponding h-admissible permutation. Using Proposition 2.5, one can check
that ΩT

w,h “ t3214, 3241u and Ωw,h is a curve. On the other hand, considering the graph

ΓpΩw X Hessps, hqq as shown in Figure 4, one can find other irreducible components:

(5.1) Ω3214 X Hessps, hq “ Ω3214,h Y Ω3412,h Y Ω3241,h Y Ω4213,h.

For instance, Ω3412,h is one of the irreducible components because

tv P rw,w0s | 3412 P ΩT
v,hu “ t3412u.

Similarly, we can see that Ω3241,h and Ω4213,h are also irreducible components. We notice
that the irreducible component Ω3412,h is of dimension 2 since ℓhp3412q “ 2. Accordingly, the
intersection Ω3214 X Hessps, hq is not equidimensional.

To prove that there are no further irreducible components beyond those listed in (5.1), we
consider the local chart O4321 consisting of matrices of the following form:

¨

˚

˚

˝

x41 x42 x43 1
x31 x32 1 0
x21 1 0 0
1 0 0 0

˛

‹

‹

‚

.

Here, we set Ov :“ vU´. Since any irreducible component of the intersection Ωw X Hessps, hq

is of the form Ωu,h for some permutation u, the remaining possible irreducible components are
Ω4312,h, Ω4231,h, Ω3421,h, and Ω4321,h in this case. All of them contain 4321 as an element, so it
is enough to compute the number of irreducible components meeting at 4321. As considered
in [8, §5], the defining ideal for the intersection O4321 X Ω3214 X Hessps, hq is given by

xx41, x31, x32x41 ´ x31x42,´x42x21 ` x41,´x42,

´ x43x32x21 ` x42x21 ` 2x43x31 ´ 3x41, x43x32 ´ 2x42y.
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4321

4312 4231 3421

4132
4213

3412

2431
3241

1432 4123 2413 3142 2341 3214

1423
1342

2143
3124 2314

1243
1324

2134

1234

(1) ΓpΩ3214 X Hessps, p3, 3, 4, 4qqq

4321

4312 4231 3421

4132
4213

3412

2431
3241

1432 4123 2413 3142 2341 3214

1423
1342

2143
3124 2314

1243
1324

2134

1234

(2) ΓpΩ3214,p3,3,4,4qq

Figure 4. The graphs ΓpΩw X Hessps, hqq and ΓpΩw,hq for h “ p3, 3, 4, 4q and
w “ 3214

Here, we take s “ diagp1, 2, 3, 4q in the computation. Notice that the above ideal is not prime,
and its primary decomposition is given by

xx42, x41, x32, x31y X xx43, x42, x41, x31y.

This implies that exactly two irreducible components meet at 4321. Indeed, the ideals in
the above decomposition correspond to Ω3412,h and Ω3241,h, respectively. This proves (5.1)
holds, that is, Cw “ t3214, 3412, 3241, 4213u. Here, we denote by Cw the set of permutations
encoding the irreducible components (see Question 5.1(3)).

Regarding the smoothness of the Hessenberg Schubert variety Ωw,h, we raise the following
question:

Question 5.4. Find a necessary and sufficient condition on w such that Ωw,h is smooth.

Theorem 1.2 provides one sufficient condition on w such that Ωw,h is smooth. The following
example shows that there is an h-admissible permutation w such that Ωw X Hessps, hq is
reducible, but Ωw,h is smooth.

Example 5.5. Since the graph ΓpΩw X Hessps, hqq is the GKM graph of the intersection
Ωw X Hessps, hq, it could be non-regular even when Ωw,h is smooth. We consider such a case
in this example. Let h “ p3, 3, 4, 4q and w “ 2134. For convenience, we set s “ diagp1, 2, 3, 4q

in this computation. Consider the local chart O2341 consisting of matrices of the following
form:

¨

˚

˚

˝

x41 x42 x43 1
1 0 0 0
x21 1 0 0
x31 x32 1 0

˛

‹

‹

‚

.
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4321

4312 4231 3421

4132
4213

3412

2431
3241

1432 4123 2413 3142 2341 3214

1423
1342

2143
3124 2314

1243
1324

2134

1234

(1) ΓpΩ2134 X Hessps, p3, 3, 4, 4qqq

4321

4312 4231 3421

4132
4213

3412

2431
3241

1432 4123 2413 3142 2341 3214

1423
1342

2143
3124 2314

1243
1324

2134

1234

(2) ΓpΩ2134,p3,3,4,4qq

Figure 5. The graphs ΓpΩw X Hessps, hqq and ΓpΩw,hq for h “ p3, 3, 4, 4q and
w “ 2134

Here, we set Ov :“ vU´. Then, as provided in [8, §5], the defining ideal for the intersection
O2341 X Hessps, hq is given by

xx43x32x21 ´ x42x21 ´ 2x43x31 ´ x41,´x43x32 ´ 2x42y.

We denote by Ih,w,v the defining ideal for the intersection ΩwXHessps, hq in the local chart Ov.
Moreover, the defining ideal Ih,2134,2341 for the intersection Ω2134 X Hessps, hq is given by

Ih,2134,2341 “ xx41, x43x32x21 ´ x42x21 ´ 2x43x31 ´ x41,´x43x32 ´ 2x42y.

We notice that the ideal Ih,2134,2341 is not a prime ideal, and its primary decomposition is
given by

Ih,2134,2341 “ xx41, x42, x43y X xx41, x43x32 ` 2x42, 342x21 ` 2x43x31, 3x32x21 ´ 4x31y.

To find the defining ideal of Ω2134,h among two ideals, consider the intersection Ω2341 X

Hessps, hq in the local chart O2341. Then its defining ideal Ih,2341,2341 is given by

Ih,2341,2341 “ xx41, x42, x43y.

We notice that this ideal is prime, so Ω2341 X Hessps, hq “ Ω2341,h. Moreover, this proves
that the defining ideal of Ω2134,h in the local chart O2341 is xx41, x43x32 ` 2x42, 3x42x21 `

2x43x31, 3x32x21 ´ 4x31y.
On the other hand, the intersection of Ω2134,h and Ω2341,h in O2341 is defined by

xx41, x42, x43, 3x32x21 ´ 4x31y,

which defines the permutohedral variety of dimension 2. Accordingly, the GKM graph of
Ω2134,h is obtained from ΓpΩ2134 X Hessps, hqq by deleting the edges connecting the following
pairs of vertices: t2341, 4321u, t3241, 4231u, t2431, 3421u. See Figure 5.
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