INTERSECTIONS OF SCHUBERT VARIETIES AND SMOOTH T7T-STABLE
SUBVARIETIES OF FLAG VARIETIES

JAEHYUN HONG, EUNJEONG LEE, AND SEONJEONG PARK

ABSTRACT. A smooth projective variety equipped with a suitable action of a torus admits a
cell decomposition, called the Biatynicki-Birula decomposition. Singularities of the closures
of these cells are not well understood. One of the examples of such closures is a Schubert
variety in a flag variety G/B, and there are several criteria for the smoothness of Schubert va-
rieties. In this paper, we focus on the closures of Bialynicki-Birula cells in regular semisimple
Hessenberg varieties Hess(s, h), called Hessenberg Schubert varieties. We first consider the
intersections of the Schubert varieties with Hess(s,h) and investigate the the smoothness of
this intersection, from which we get a sufficient condition for a Hessenberg Schubert variety
to be smooth.
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1. INTRODUCTION

The Schubert varieties are subvarieties of the flag variety F'¢(C™) obtained by taking the
closure of cells in the Bruhat decomposition of F/¢(C™). The cohomology classes of Schubert
varieties form an additive basis of the cohomology ring of the flag variety, and understanding
their geometry plays an important role in studying the geometry of the flag variety. Moreover,
there are interesting avenues connecting the geometry of Schubert varieties, representation
theory, and combinatorics, as exhibited by the theory of Schubert calculus.

Not every Schubert variety is smooth, but the singularities of Schubert varieties have been
widely studied. To be more precise, the Schubert varieties in F¢(C") are parametrized by
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the symmetric group &,, on [n] := {1,...,n}, and we denote by €2, the (opposite) Schubert
variety indexed by a permutation w € GHH There are several well-known criteria for deter-
mining the smoothness of Q,,: one uses the GKM subgraph of €, in that of F¢(C") (cf. [4]),
and another uses the pattern avoidance of w (cf. [2]).

In this paper, we extend our attention to the family of reqular semisimple Hessenberg
varieties, each of which is a smooth subvariety of F¢(C™); the flag variety F¢(C") itself
belongs to this family. To define a Hessenberg variety, we need two pieces of data: one is a
Hessenberg function h: [n] — [n]; the other is a linear operator z: C* — C". A function
h: [n] — [n] is called a Hessenberg function if h(i) = i for all i € [n] and h(i) < h(i + 1) for
i € [n — 1]. The Hessenberg variety Hess(x, h) is defined by the set of all flags V, € F¢(C™)
satisfying «V; € Vj,(;) for all i. When x = s is regular semisimple, we call Hess(s, h) a regular
semisimple Hessenberg variety.

A regular semisimple Hessenberg variety Hess(s, h) is stable under the action of the torus T,
the centralizer of s in G = GL,(C), which is a maximal torus since s is regular semisimple.
Notice that the T-fixed points in Hess(s,h) are parametrized by &,. With respect to a
generic one-parameter subgroup of 7', the Bialynicki-Birula decomposition of Hess(s, h) has
cells given by the intersections of Hess(s, h) with Schubert cells 2;. We define the Hessenberg
Schubert variety , , to be the closure of the intersection Qj, N Hess(s, h).

The main goal of this paper is to study the smoothness of a Hessenberg Schubert vari-
ety (., and that of the intersection €, "Hess(s, h) in terms of the graph I'(€2,, " Hess(s, h)),
which is a certain induced subgraph of the GKM graph of Hess(s, h).

For this purpose, we consider a more general setting. Let X be a smooth GKM variety
equipped with an algebraic action of a torus 7. For a T-stable subvariety V < X and ve V7,
let E(V,v) denote the set of T-stable curves in V' containing v, and set

TE(V,v):= Y. T,CcT,V.
CeE(Vw)
Note that if V' is smooth, then the equality holds. Indeed, since X is GKM and Y is smooth
and T-stable, every weight line in 7,Y is tangent to a unique T-stable curve in Y. Hence,

we get T,Y = TE(Y,v). Also, if V' is a Schubert variety in G/B in type A, then the equality
holds (see [12, Theorem 1]). However, in general, the inclusion is proper (see [10]).

Theorem 1.1. Let X be a smooth GKM wvariety equipped with an action of an algebraic
torus T and let X = | |5 Qq, be the Biatynicki-Birula decomposition with respect to a generic
one-parameter subgroup of T. Set Q, = QS,, and let Y = X be a smooth T-stable subvariety.
Suppose that Qy, Y # &, T'(Qy, nY) is connected, and

Ty = TE(Qy,v) for every v e (Qy N Y)T,

Then the following statements are equivalent.
(1) T'(Qy nY) is d-regular, where d = dim(Qy, n'Y)
(2) Quw NY is smooth.

In particular, if one of the above conditions holds, then 0, N Y = Q5 NnY.

n the literature, both Schubert varieties and opposite Schubert varieties are considered. In this paper,
we focus on the opposite Schubert varieties. For brevity, we will refer to opposite Schubert varieties simply as
Schubert varieties, when no confusion arises. (See Subsection for the definition of Schubert varieties.)
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Theorem can be applied to flag varieties in type A. One direction = is
clear: It follows from the fact that €2,, Y has the induced T-action and it satisfies the GKM
condition. Indeed, the graph I'(€, N Y) encodes the data of T-fixed points and T-stable
curves. Therefore, the number of T-stable curves containing a fixed point v is the same as the
number of edges in I'(2, n'Y) incident to the vertex corresponding to v, which is again the
same as the dimension of the tangent space at that point. To obtain the converse statement,
we compare TE(Qy, nY,v) and TE(Qy,,v) n TE(Y,v). See Section [3| for more details.

Returning to the case when X = F¢(C"), since the equality 7,2, = TE({,,v) holds for
every v € QL we apply Theorem to the intersection of €2, with a Hessenberg variety
Hess(s, h), to obtain the following sufficient condition for the smoothness of the Hessenberg
Schubert variety €2, . We remark that €2, nHess(s, h) is connected if Hess(s, h) is connected

(Proposition .
Theorem 1.2. Let s be a reqular semisimple element and let h be a Hessenberg function.
Suppose that ,, N Hess(s, h) is connected. Then the following statements are equivalent.
(1) T(Qy N Hess(s, h)) is regular.
(2) Q, N Hess(s, h) is smooth.
In particular, if one of the above conditions holds, then ) is smooth and we have (), N

Hess(s,h) = Qu p-

Because of the construction, a Hessenberg Schubert variety €2, ;, admits the action of T" and
Qg,h < (QunHess(s,h))T. A permutation w € &,, is h-admissible if Qgh = (QynHess(s, h))T
(see Definition and Proposition [2.6)).

As shown in [6, Theorem A], the set of h-admissible permutations corresponds to a set of
Hessenberg Schubert cohomology classes which generates the cohomology group H*(Hess(s, h); C)
as an G,-module.

Theorem provides a combinatorial criterion on the graph I'(€,, n Hess(s,h)) for the
smoothness of the Hessenberg Schubert variety €2, . However, in practice, the regularity of
the graph I'(Q,, n Hess(s,h)) is too strong to apply to arbitrary permutations. Instead of
applying Theorem directly, we first replace w by its unique h-admissible representative w,
characterized by

L(Qup) = T(Qg )
Indeed, the corresponding Hessenberg Schubert varieties serve as prototypes for other Hes-
senberg Schubert varieties. See Proposition and Corollary

We note that the regularity of the graph I"(£2,, n Hess(s, h)) for an h-admissible w has been
deeply studied in [7]. For example, to show the regularity of the graph I'(Q,, n Hess(s,h)),
it suffices to check the regularity only at wq, the longest element in &,, (see Corollary .
Furthermore, the graph I'(Q,, n Hess(s, h)) is regular if and only if the permutation w avoids
certain patterns (see Theorem [4.9)).

Using these descriptions together with the regularity of the graph T'(Q3 n Hess(s, h)),
we obtain the following sufficient conditions for the smoothness of the Hessenberg Schubert
variety €, p:

Theorem 1.3. For w e &, let w be the h-admissible permutation corresponding to w. Then
the following statements are equivalent:

(1) T(Qg n Hess(s, h)) is regular.

(2) Qa  Hess(s, h) is smooth.
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(8) Qa n Hess(s, h) is irreducible and its Poincaré polynomial is palindromic.
(4) W avoids all associated patterns:

2143y, 1324y, 1243, 21345, 1423, 2314, 2413),.
In particular, if one of the above conditions holds, then §y, 5, is smooth.

One may wonder whether the converse of the last statement of Theorem holds, but the
converse does not hold in general, as is exhibited in Example |5.5l That is because the graph
I'(€2 N Hess(s, h)) basically encodes the data of Q, n Hess(s,h), not that of €y, p.

The organization of the paper is as follows. In Section[2], we recall the basic notions of GKM
varieties and some examples, including flag varieties and Hessenberg varieties. In Section
we prove Theorem after investigating the irreducibility of the intersection €2, Y and the
smoothness under the regularity assumption. We prove Theorem in Section (4] by applying
Theorem to the case of regular semisimple Hessenberg varieties in type A. We discuss
further questions in Section

2. GKM VARIETIES AND THEIR EXAMPLES

In this section, we provide a brief overview of GKM theory following [9, [I4]. We introduce
flag varieties and Hessenberg varieties as examples of GKM varieties and describe the coho-
mology of a Hessenberg variety within this framework. We also review the definitions and
key properties of Hessenberg Schubert varieties.

2.1. GKM theory and GKM cohomology. Let X be a (possibly singular) complex pro-
jective algebraic variety with an action of the algebraic torus 7' = (C*)". We say that X is a
GKM (Goresky—Kottwitz—MacPherson) variety if it satisfies the following three conditions:

e X has finitely many T-fixed points,
e there are finitely many (complex) one-dimensional orbits of 7" on X, and
e X is equivariantly formal with respect to the action of T'.

The third property is rather technical but holds when X has no odd-degree ordinary coho-
mology. More precisely, if H°%(X) vanishes, then X is equivariantly formal with respect to
every torus action.

After choosing the standard characters of T, we identify H7(pt; C) with the polynomial ring
C[t1,...,t,]. Based on the zero- and one-dimensional orbits of a GKM variety X, the GKM
graph T' = (V, E, «) is a directed graph whose edges are labeled by «, and it is constructed
as follows:

(1) V.= X7 the set of T-fixed points of X;

(2) a directed edge v — w belongs to F if and only if there exists a one-dimensional orbit
Oy of T on X whose closure O, ,, has v and w as its T-fixed points; and

(3) we label each directed edge v — w with the weight a(v — w) € Z[t1,...,t,] of the
T-action corresponding to the closure O, ,, at the fixed point v.

Note that condition (2) implies that v — w belongs to E if and only if w — v belongs to E,
and the label «a satisfies a(v — w) = —a(w — v).

Using the GKM graph, Goresky, Kottwitz, and MacPherson [9] describe the equivariant
cohomology ring of a GKM variety.
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Theorem 2.1. [9 Theorem 1.6.2] Let X be a GKM wvariety with the GKM graph T' =
(V,E,a). Then a map p: XT — Clt1,...,t,] represents a cohomology class in HX(X) if
and only if it satisfies a compatibility condition:

p(v) = p(w) (mod a(v — w)) for all v — w in E,
and the equivariant cohomology ring H7.(X;C) is isomorphic to
H*(I';C)

= {(p(v))uev e PClt,....ta] |alv > w) | (p(v) — p(w)) for all v — w in E}

veV
as a Clty,...,t,]-algebra.

We call an element of H*(I'; C) a GKM cohomology class. For a T-stable subvariety Y of
X, we denote by [Y]7 the GKM cohomology class corresponding to Y in H7.(X).
It follows from Theorem that the ordinary cohomology ring of a GKM variety X is

H*(X:C) = H*(T;C) /(s . . 1),
where we use t; to indicate the element in H*(I'; C) whose value at each v e V is ¢;.

2.2. Flag varieties. Let G be the general linear group GL,(C) and let B (resp. B~) be the
subgroup of upper (resp. lower) triangular matrices in G. Then the flag variety F¢(C") is
the homogeneous space G/B, which is a smooth projective variety of dimension d = (g) We
can identify F¢(C") with

(Ve=({0tcVicVoc -V, =C")|dimV;=iforalli=1,...,n},
where each V, is called a flag. For example, each permutation w € &,, defines a flag

({0} < Cewn)) S euwy; Cuw@) & -+ S {eu)s - - s Cwm)) = C"),

called a coordinate flag, where eq, ..., e, are standard basis vectors. If there is no confusion,
we will denote the coordinate flag defined by the permutation w simply by wB.

Let T be the set of diagonal matrices in G. Then T' = (C*)™ and the left multiplication of
T on G induces the action of T on F¢(C™). The set of T-fixed points of F¢(C") consists of
coordinate flags, so we can identify (F¢(C"))T with &,,. Furthermore, two T-fixed points v
and w are connected by a one-dimensional orbit of T" if and only if w = v(4, j) and the weight
of the orbit closure m IS €y(i) — ty(j), where (i,7) is the transposition interchanging i and
j for 1 < i # j < n. Therefore, the action of T" on F/¢(C™) has finitely many T-fixed points
and finitely many one-dimensional T-orbits.

The flag variety F¢(C™) admits a cell decomposition called the Bruhat decomposition:

(2.1) Fic") = | | BuB/B= | | B-wB/B.
weS,, weGy,
For each w € &, the cells X2 := BwB/B and 2, :== B~wB/B are isomorphic to C/*) and
Cd—tw) | respectively, where
tw) = [{(G,5) |1 <i<j<mn, w(i)>w)}
Thus, the cohomology of F/¢(C") vanishes in odd degrees. Therefore, F¢(C") is a GKM
variety associated with the GKM graph I' = (V, E, «), where
(1) V =6y;
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321

231/ 312

/ £ty 1)
213 132 — t(t3 — t2)
/ i(ti —tj)

123

FIGURE 1. The GKM graph of F/¢(C?)

(2) E={w—->w(,j)|1<i<j<n}; and
(3) a(w = w(i,f)) = twi) — twg)-

We demonstrate the GKM graph of F/(C?) in Figure In , the cells X, and
are called the Schubert cell and the opposite Schubert cell indexed by w, respectively. Their
closures X, := X3 and Q,, := QS, are the Schubert variety and the opposite Schubert variety
indexed by w, respectively.

Note that the decompositions in are also known as the Bialynicki-Birula plus and
minus decompositions, respectively, with respect to a suitable generic one-parameter subgroup
of T'. The two cells X, and €7, are the plus and minus Bialynicki-Birula cells, respectively.

The inclusion relations among Schubert varieties define a partial order on &,, called the
Bruhat order:

v < w — X, € Xy
The minimal and maximal elements of &,, in the Bruhat order are ¢ :== 12---n and wqg :=
n(n —1)---1, respectively. Since B~ = wyBwy, we get £y, = woXuy,w and

v < w — Qy 2 Qy.

In particular, X,, and €, admit cell decompositions:
(2.2) Xy=||X; and Q,=| ]|,
v<w v=w
which defines a stratification of each variety.
Note that for each w € &, both X, and Q,, are T-stable and their sets of T-fixed points
are given by
XTI = [e,w] and QL = [w,w],
where [v, w] denotes the set of all permutations z € &,, satisfying v < z < w in the Bruhat
order. Therefore, we have the following equivalence:
v < w — we QL.

From now on, we will only consider the opposite Schubert variety €2,,, so we will omit “op-
posite” and refer to €2, as the Schubert variety if there is no confusion.

2.3. Hessenberg varieties. A nondecreasing function h: [n] — [n] is called a Hessenberg
function if h(i) = i for each i € [n]. We often use the list of values (h(1),h(2),...,h(n)) of h
to represent a Hessenberg function h: [n] — [n].
For a linear operator x on C", the Hessenberg variety determined by z and h is defined as
Hess(z, h) :== {Ve € FU(C") | (Vi) S V}3) fori=1,...,n}.

For example, when h = (n,n,...,n), Hess(x, h) is the flag variety F/¢(C").



INTERSECTIONS OF SCHUBERT VARIETIES AND SMOOTH T-STABLE SUBVARIETIES OF G/B 7

321 321
231/ 0312 231/ 0312
+(ty — t1)
2136 132 2130 5132 — t(t3 — t2)
/ o i(tg — tl)
123 123
h=(2,3,3) h=(2,2,3)

FicURE 2. The GKM graphs of regular semisimple Hessenberg varieties for
h=1(2,3,3) and h = (2,2,3)

Note that two Hessenberg varieties Hess(x, h) and Hess(g~'xg, h) are isomorphic for g €
GL,(C). Hence, if  and 2’ have the same Jordan form, then Hess(z, h) and Hess(z', h) are
isomorphic.

Let s be a regular semisimple linear operator on C™; that is, the Jordan form of s is a
diagonal matrix with n distinct eigenvalues. The Hessenberg variety Hess(s, h) determined
by s and a Hessenberg function A is then called reqular semisimple, and it is a smooth

projective variety of dimension
n

dp, == Y (h(i) = i).

i=1
We fix a diagonal matrix s with n distinct eigenvalues. From (2.1]), the regular semisimple
Hessenberg variety Hess(s, h) is decomposed as follows:

(2.3) Hess(s, h) = |_| (Q,, N Hess(s,h)).
weS,
In particular, for each w € &y, the intersection Q, , = Qy N Hess(s, h) is a Bialynicki-Birula

minus cell and it is isomorphic to the affine space C4—tr(®) where

Ch(w) = [{(i,5) | i < j, w(i) >w(j), j<h()}] .
Therefore, regular semisimple Hessenberg varieties are equivariantly formal with respect to

any algebraic torus action.
We call qu;,h the (opposite) Hessenberg Schubert cell indexed by w, and set

Qu,n =2y,
which we call the (opposite) Hessenberg Schubert variety indexed by w.

Proposition 2.2. [I4] Proposition 5.4] A reqular semisimple Hessenberg variety Hess(s, h) is
a T-stable subvariety of FL(C™), and it is a GKM variety with the GKM graph T = (V, E, a),
where
(2) E={w—w(,j)|l<i<j<h(i)}, and
(3) a(w — w(i, j)) = twi) — twi)-
We present the GKM graphs of regular semisimple Hessenberg varieties for h = (2,3, 3)
and h = (2,2,3) in Figure
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For each permutation w € &, from ({2.2)), the intersection €2, N Hess(s, h) is T-stable and
has an affine cell decomposition:
(2.4) Qu N Hess(s, h) = | | (95 ~ Hess(s, h)).
V=W
Hence the intersection €, N Hess(s,h) is a GKM variety and its GKM graph is the sub-
graph of I'(Hess(s,h)) induced by the vertex set (€2, n Hess(s,h))? = [w,wp]. In general,
Qw N Hess(s, h) is reducible, and each of its irreducible components is of the form €2, j for

some v € [w,wp]. Each set on the right-hand side of (2.4)) is a Bialynicki-Birula cell of
Hess(s, h), which is an affine cell.

Definition 2.3. For a Hessenberg function h, a permutation w is called h-admissible if it
satisfies
w™H(w(j) + 1) < h(j) for all j such that w(j) <n — 1.

For example, when h = (3,3,4,4), there are twelve h-admissible permutations:
1234, 1423, 2134, 2341, 2431, 3241, 3412, 3421, 4123, 4231, 4312, 4321.

One important property of h-admissible permutations is that the associated Hessenberg
Schubert cohomology classes generate the cohomology of the Hessenberg variety Hess(s, h) as
an &,-module. For the definition of the action of &,, on H*(Hess(s, h)), see [14].

Theorem 2.4 (see [6, Theorem A] for details). For each k > 0, the set of Hessenberg Schu-
bert cohomology classes [, 1] associated with h-admissible permutations satisfying (p(w) = k
generates the &,-module H**(Hess(s, h); C), where [, 1] is the cohomology class of a Hes-
senberg Schubert variety U, j, in the cohomology ring of Hess(s, h)ﬂ

The main geometric ingredient of the proof of Theorem is that there is an equivalence
relation on &,, so that the associated Hessenberg Schubert varieties in the same equivalence
class share common features and the set of h-admissible permutations serves as a set of
representatives of this equivalence relation. The precise statement is presented below.

Proposition 2.5 (cf. [6, 5l 11]). For a permutation w € &, there is a unique h-admissible
permutation W= w satisfying that

(2.5) w(i) <w(j) if and only if w(i) <w(j) for alli < j with j < h(3).
In this case, we have

(2.6) Qu,n = u(Q% N Hess(u=tsu, h)),

where v = ww L.

Note that for each w € &,,, the unique h-admissible permutation w satisfying can
be obtained from [6] Proposition 3.8], and for such @ and w, holds by [5, Lemma 4.5].
Alternatively, the same result follows from Lemma 2.11 and Proposition 3.14 in [I1].

In what follows, we show that €2, 5 and €, have the same T-fixed point set if and only if
w € 6, is h-admissible.

Proposition 2.6. Let h: [n] — [n] be a Hessenberg function. A permutation w € &, is
h-admissible if and only if Qah = [w, wp].

2In [5], [Quw.x] is denoted by o », which we do not use here.
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Proof. By [11}, Theorem 4.8, if w is h-admissible, then Q7 , = [w, wy]. To prove the converse,
suppose that w is not h-admissible but Qg n = |w,wo]. By Proposition ﬁ there exists a

unique h-admissible permutation @ > w such that Q,, = u(Qg N Hess(u=tsu, h)), where

u = ww~!. Then we have qulh = uw(Q3 N Hess(u'su, h))T, that is, [w,wo] = u[W,wo]
(cf. [11, Corollary 4.12]). However, since w < w, it follows that [@, wg] & [w,wp]. Therefore,
two intervals [w,wo] and [@,wp] have different cardinalities, which contradicts [w,w] =
ul[w, wo]. O

It follows from Propositionthat if w is not an h-admissible permutation, ,, " Hess(s, h)

is reducible because
(Q N Hess(s, h))T = QE = [w,wo] 2 Qg’h

and €, p, is an irreducible component of €2, N Hess(s, h). However, the h-admissibility does
not ensure the irreducibility of the intersection ,, "Hess(s, h) (cf. Examples and [11],
Example 4.16]).

Recall that I'(Q,, ) is the graph whose vertices are Qi,h and edges are T-stable curves
in Qy p.

Corollary 2.7. For a permutation w € &y, let W be the corresponding h-admissible permu-
tation. Then the graphs I'(Q, 1) and I'(Qg 1) are isomorphic as unlabeled graphs.

Proof. Let u = ww~!. Then QL , = [@,wy] and Qah = u[W, wp]. Note that two vertices z
and v are connected by an edge in I'(Q,, ) if and only if v~ 'z and u~ v are connected by an
edge in I'(€23 5). Therefore, u is an isomorphism from I'(Qg 1) to F(Qw’h)ﬁ O

3. SMOOTHNESS

Let T be an algebraic torus and let X be a smooth GKM variety with respect to a T-
action on X. Let Y be a T-stable smooth subvariety of X. In this section, we consider
the intersection of Y with the closure of a Bialynicki-Birula cell of X. Also, we will prove
Theorem 1.1}

Let S be the set of T-fixed points in X, and denote by €2, the Bialynicki-Birula (minus) cell
of X with respect to a generic one-parameter subgroup of 7', that is, we have the Bialynicki-
Birula decomposition of X as follows:

X =]
weS
Since X is smooth, each cell €27 is an affine cell. We denote by €2, the closure of ;. We
note that the Bialynicki-Birula decomposition is not necessarily a stratiﬁcationﬁ

Let Y be a T-stable subvariety of X. If Y is smooth, then it is a GKM variety. In general,
the subvariety Y is not necessarily a GKM variety, but we investigate the geometry of Y using
its one-skeleton.

Definition 3.1. Let X be a smooth GKM variety with respect to a T-action on X, and let
Y be a T-stable subvariety of X. Define a (undirected) graph I'(Y") by

e the set of vertices of I'(Y) is YT < X7;

3In graph theory, an isomorphism of graphs G and H is an edge-preserving bijection between the vertex
sets of G and H.
4For more details on the Bialynicki-Birula decomposition, see .
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e {v,w} is an edge if and only if there exists a one-dimensional T-orbit closure in Y
whose fixed points are v and w.

By definition, I'(X) is the underlying graph of the GKM graph of X, and we have I'(Y') <
['(X). Notice that the graph I'(Y) is not necessarily an induced subgraph of I'(X). For a
graph T, let V(T") denote the set of vertices of I and let E(I") denote the set of edges of T.

Example 3.2. Let X be a flag variety F/(C3). Regarding the left multiplication of a maximal
torus T = (C*)3, the flag variety X is a GKM variety. There are six T-fixed points indexed
by the elements of the symmetric group &3. Recall from Proposition the GKM graph
of X has the following edges:

Consider the permutohedral variety Y of dimension 2, which is a torus orbit closure in X
satisfying Y7 = X7T. The set of T-stable curves can be expressed by

{(wyw(iy,i+ 1)) |we Ss, i =1,2}.

Accordingly, I'(Y') < I'(X) while V(I'(Y)) = V(I'(X)).

For v e YT, we denote by

EY,v)={CcY |CisaT-carve and ve C}

the set of T-curves in Y passing through v. Thus, E(Y,v) is naturally identified with the set
of edges of I'(Y') incident to v.

Lemma 3.3 ([4, Lemma in Section 2]). Let X < PV be a T-stable projective subvariety where
T < GLy11(C). Suppose that XT is finite. Then, for each fived point x € XT, the number of
one-dimensional orbit closures containing x is at least dime(X).

For w € S, consider the intersection of Y with the affine cell €2;, and the closure of the

intersection:
fu’y =Q,nY, Quy:= ijj’y.

If Y is a smooth T-stable subvariety of X, then the set {Qowy}wes of intersections forms the
Bialynicki-Birula decomposition of Y and each element is an affine cell.

The intersection €, NY is again a T-stable subvariety of X which could be reducible and
non-equidimensional in general (see Example . Considering the graph I'(Q2, nY), we can
determine the smoothness of the intersection 2, NY.

Proposition 3.4. Let Y be a smooth T-stable subvariety of a GKM variety X. Firwe S =
XT such that Q5 NY # . Let w = vg,v1,...,v = p be a path in T(Qy, nY). If

|E(Qu n Y, v)| = dim(Qy,,y)  fori=0,...,m,
then v; € Quy and E(Qyy,v;) = E(Qyu nY,v;) fori=0,...,r.

In particular, if T'(Qw nY) is connected and regular, then its degree is dim(§y, ) and
I(Quy) = [(Qp A Y).

Proof. We note that since 2; n'Y is an affine space and is open in ,, N Y, the intersection
2, N'Y is smooth at every point of €2, n'Y, and in particular, at w. This implies that we
have

(3.1) IE(Qu A Y, w)| = dim(Q, ).
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Applying Lemma to 2y y, we get dim (€27, 1) < |E(Qw,y, w)|. On the other hand, we have
E(Qyy,w) € E({y nY,w). Accordingly,

dim(2, y) < [E(Qu,y, w)| < |E(Qw 0 Y, w)| = dim(€, y).

This proves E(Qyy,w) = E(Qy N Y, w).

We proceed by induction along the path on the graph I'(Q,, nY"). The assertion holds for
vo = w. Suppose that v; € Q,y. Since €,y is irreducible, Lemma gives |E(Qyy,v;)| =
dim(€2, y). On the other hand, we have E(y,y,v;) S E(2y N Y,v;). Considering their
cardinalities, we obtain

(32) E(Qw7y, Ui) = E(Qw () Y, Ui)-

The T-curve joining v; and v;41 belongs to E(Q, n Y,v;). By (3.2), it also belongs to
E(Qu,y,v;), and hence it is contained in €2, y. Therefore, v;11 € Q4 y. This completes the
induction and proves the first assertion.

Finally, suppose that I'(Q,,nY) is regular and connected. By (3.1)), its degree is dim(§2, y).
Since the graph I'(Q,, n'Y") is connected, the first part of the proposition proves I'(2,y) =
T(Qy N Y). O

Proof of Theorem[1.1]. Let d = dim(QfU’Y). If Q4 n'Y is smooth, then at every fixed point
the number of incident T-curves equals its dimension € -, so the graph is d-regular. This
proves (2) = (1).

Consider the direction (1) = (2). Suppose that the graph I'(2, N Y) is d-regular. By
Proposition we have I'(Qy nY) = T'(Qy ).

Since Y is smooth, we get T,Y = TE(Y,v) for any v € (Q,nY)T. Moreover, the GKM con-
dition implies that the tangent lines of distinct T-curves through v are linearly independent.
Therefore, for every v e (Q, N Y)T,

TE(QynY,v) € Ty(Qy nY)
c T,y nT,Y
=TE(Qy,v) nTE(Y,v)
=TE(Qy nY,v).
Consequently, T,(2y N Y) = TE(Q N Y, v) and hence

dim7T,(Qy nY) =d.

By Proposition the point v belongs to €,y . Hence

d < dimy(Qy nY) < dimTy(Qy nY) =d.

Therefore, Q, NY is smooth at every v € (2, N Y)T. This proves that Q, nY is smooth.
Indeed, if the singular locus of 2, "' Y were nonempty, it would be a nonempty closed T-stable
subvariety and would therefore contain a T-fixed point.

Since I'(©, N'Y") is connected, Q,, N'Y is connected. As €, n'Y is smooth, its irreducible
components are pairwise disjoint. Since {2,y is an irreducible component of 2, N Y, we
conclude that €,y = 2, n'Y, which proves the theorem. O

As one can see in the proof of Theorem together with Proposition the following
local version holds.
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Corollary 3.5. Let XY, and Q,, be the same as in Theorem . Let pe (Q n V)T, If
there exists a path v connecting w and p such that |E(Q, nY,v)| = dimQ; - holds for all
veV(y), then Qy NY is smooth at p.

Remark 3.6. As we saw in the proof of Theorem the implication (1) = (2) remains
valid if dim(7,Q, N T,Y) < d for every v e (2, nY)".

Remark 3.7. In Theorem the regularity condition on the graph I'(€, n Y) is not
necessary for the irreducibility of Q,, nY. For instance, if X =Y = G/B, then Q,, nY =
Q. and so is irreducible for any w € XT. However, Q,, could be singular, and the graph
corresponding to 2, N'Y = €, is not regular.

Proposition 3.8. Let X be a smooth GKM wvariety with respect to a T-action on X whose
Biatynicki-Birula decomposition {5, }wes forms a stratification. Let Y be a T-stable smooth
subvariety of X with Q, 'Y # . Then §y,y is an irreducible component of Q, NY.
Furthermore, any irreducible component of {4y, N'Y is of the form €,y for some fized point
vinS.

Proof. Since the Bialynicki-Birula decomposition forms a stratification, we have

(3.3) o= o,

veQL

where QF < S is the set of T-fixed points of ,,. By intersecting both sides of with Y,
we obtain
QY =[] 2%y
veQL

Each set on the right-hand side is a Biatynicki-Birula cell of Y, which is an affine cell since
Y is smooth. Therefore, each irreducible component of the intersection £2,, N Y should be of
the form €,y for some v € Qg

We notice that each cell £ - has a unique T-fixed point u, which is the minimal element

in QZ,Y with respect to the partial order < on S. Since
we (Qyn )T = Q)T nYT cQl

and w is the minimal element in Qg, the closure ),y is an irreducible component of €2, N
Y. O

4. HESSENBERG VARIETIES IN TYPE A

Recall from Section [2] that the flag variety F¢(C") is a smooth GKM variety whose
Bialynicki-Birula decomposition {Q },es, with respect to the natural T-action forms a
stratification, and a regular semisimple Hessenberg variety Hess(s, h) is a T-stable smooth
subvariety of F¢(C™). In this section, we apply the results from Section [3| to the inter-
section €2, N Hess(s,h) and prove Theorem A new ingredient is the equivalence be-
tween the smoothness and the palindromicity of the Poincaré polynomial for the intersection
Qy N Hess(s, h) (Theorem [4.7). We also include a brief overview of the pattern avoidance
criteria for regularity, previously established in [7]. Finally, we study the local smoothness of
Hessenberg Schubert varieties at fixed points corresponding to certain h-Bruhat covers.

In Theorem if the intersection €2, "Hess(s, h) is connected and smooth, then it becomes
the Hessenberg Schubert variety €2, ,. One may ask when the intersection €2, N Hess(s, h)
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2130 +(t3 — t1)

FIGURE 3. T'(y n Hess(s, h)) when w = 213 and h = (2,3, 3)

is connected; equivalently, the corresponding graph I'(2,, n Hess(s,h)) is connected. The
following statement gives a sufficient condition for I'(€2,, N Hess(s, h)) to be connected.

Proposition 4.1. The graph T'(2, n Hess(s, h)) is connected if either

(1) w is h-admissible, or
(2) Hess(s, h) is connected.

Proof. We first consider the case where w is h-admissible. It follows from Proposition 2.11
in [5] that there is a path from u to wp in T'(Q,, N Hess(s,h)) for each u € [w,wp], so
I'(Q, N Hess(s, h)) is connected.

Now assume that Hess(s, h) is connected; equivalently, h(i) > i for each ¢ = 1,...,n — 1.
For each v € G,,, we construct a chain

U <p USj; <p USj;Sj, <p "' <pUSj *- 85 = Wo.
by iteratively choosing indices ¢ such that vs(i) < v¢(i + 1), where vg = v and vy = vs;j, - - - 55,
for 0 < ¢ < k—1. At each step, we take ji11 = i for the chosen index i. Then v; and
Vg1 = vgsj,,, are connected by an edge in I'(Hess(s,h)) because h(i) > i + 1 for every
1 <4 < n. If we take v = w, then vy > w for every 1 < ¢t < k, so I'(Q,, n Hess(s,h)) is
connected. U

Remark 4.2. The graph I'(Q, n Hess(s,h)) can be connected even when w is not h-
admissible, provided that Hess(s, h) is connected. For instance, when h = (2,3,3) and
w = 213, I'(, N Hess(s, h)) is connected, but it is not a regular graph. See Figure

Remark 4.3. As an immediate consequence of Proposition we observe the following:

(1) If the graph I'(€2y, N Hess(s, h)) is disconnected, then w is not h-admissible.

(2) If Hess(s, h) is connected and w is not h-admissible, then €, n Hess(s, h) is reducible
and connected, so €, N Hess(s, k) is not smooth. Accordingly, I'(€2,, n Hess(s, h)) is
not regular.

(3) If w is not h-admissible and I'(£2, N Hess(s, h)) is regular, then Hess(s, h) is discon-
nected.

4.1. Regularity, palindromicity, and smoothness. We now investigate the structure
of T'(Q, n Hess(s, h)) for an h-admissible permutation w. Note that for each vertex w in
(2, N Hess(s, h)), the size of the set E (€, nHess(s, h), u) is equal to the size of the following
set
By p(u) = {(i,7) | u(i,j) 2 wand 1 <i < j < h(i)},

which consists of the transpositions defining the edges meeting at u. We assume that all
transpositions (7, j) satisfy ¢ < j for notational convenience. Using the graph I'(Hess(s, h)),
we define the notion of h-Bruhat order on &,, as the transitive closure of the following relation:

u<pv ifand only if v = u(i,j) for some (i, j) such that j < h(i) and £(v) > £(u).
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The following lemma will be used repeatedly in the remainder of this section.

Lemma 4.4. [7, Lemma 3.6] Let w be an h-admissible permutation. For vertices u and v in
I'(2 N Hess(s, h)) satisfying that v = u(a,b) for some (a,b) € Eyp(u) and v <p v, the map
Guv Ew,h(u) - w,h(v) by (Za]) = (27 3) is injective, where

(b,3) ifi=a, j>b, and (b, j) ¢ Eyn(u),
(1,7) =% (i,a) ifi<a, j=0b, and (i,a) ¢ Eypn(u),
(i,j) otherwise.
Example 4.5. For h = (3,3,4,4) and w = 2134, we demonstrate Lemma We refer the
reader to Figure |5 for the graph I'(€2, n Hess(s,h)). We first notice that two exceptional
cases in Lemma [{.4 occur only when i =a <j<bori<a<j=b.
Take u = 3142 and v = 3412 = 3142(2, 3), that is (a,b) = (2,3). In this case, we have
Eypn(u) ={(1,3),(2,3),(3,4)} and  Eyn(v) = {(1,2),(2,3),(3,4)}.
For (i,7) = (2,3) or (3,4), neither i = a < b < jnori < a < j = b. Therefore, ¢,,(2,3) =
(2,3) and ¢u(3,4) = (3,4). For (i,7) = (1,3) € Eyp(u), we have 1 < a = 2, 3 = b, and
moreover, (1,2) ¢ Ey, p(u). Therefore, we get ¢y0(1,3) = (1,2).
Let w be an h-admissible permutation. We denote by deg,, ;(u) the number of edges
incident to w in I'(€2, N Hess(s, h)), that is,
deg,, (u) = |Eywp(uw)| = |[E(Qy N Hess(s, h), u)|.
It follows from Lemma [£.4] that
u<pv — degwﬁ(u) < degmh(v).

Corollary 4.6. Letw be an h-admissible permutation. For a verteru € [w,wo], if deg,, ,(u) =

dim €2 ,, then €, N Hess(s,h) is smooth at each v with w <p v <p w. In particular, if

deg,, (wo) = dim Q7 ;. then Q, N Hess(s, h) = Qy,p, and it is smooth.
Proof. Recall that if w is h-admissible, each u € [w,wq] satisfies that w <, u <p wy by
[5, Proposition 2.11] and [7, Lemma 3.2]. By Lemma if deg,, p(u) = dim§;, ,, then

deg,, »(v) = dim 2y, ;, for every vertex v with w <, v <j, u. Therefore, the result follows from

Corollary [3.5]
If we further assume that deg,, ,(wo) = dim € ,, then the graph I'(Q,, N Hess(s, h)) is

regular by Lemma By applying Theorem the result follows. O
Since
0y, N Hess(S,h) = |_| (9 ~ Hess(s, b)), Q° A Hess(s, h) = Ch=tn®),
v=w
the Poincaré polynomial of ,, n Hess(s, h) is
Pyn(g) = Y q™ 0,
v=2w

where ¢ is assigned cohomological degree 2.

Theorem 4.7. Let w e &, be h-admissible. Then the following are equivalent:
(1) Q N Hess(s, h) is smooth.
(2) Qy N Hess(s, h) is irreducible, and Py, ;(q) is palindromic.
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(3) T'(Qy N Hess(s, h)) is regular.

Proof. Let us consider the implication (1) = (2). Since w is h-admissible, ,, N Hess(s, h)
is connected by Proposition [{.I} Its smoothness implies the irreducibility, and the palin-
dromicity of P, 5(g) is clear. On the other hand, (3) = (1) follows from Theorem and
Proposition Hence, it remains to prove (2) = (3).

For simplicity, write I' := T'(Q,, n Hess(s, h)). Then V(T') = [w, wo]. Note that

Py (1) = V()]

and

on(1) = D (d — Lr(v)).

v=w

For each v > w, the quantity dj — ¢ (v) is equal to the number of upward edges of I' emanating
from v. Therefore, summing over all v > w counts each edge of I" exactly once, and hence

(1) = [E(T)].
Assume that Q,, N Hess(s, h) is irreducible and P, ;(¢) is palindromic. Since
deg Py n(q) = dn — p(w),
we have
qdh_eh(w)Pw,h(q_l) = Pwﬁ(‘])'
Differentiating both sides and substituting ¢ = 1, we obtain
(dn = eh(w)) Pu,n(1) = 2P, (1)
Therefore,
(4.1) (dn — £n(w)) V()] = 2| E(T)].
By the handshaking lemma,

Y] deg,,u(v) = 2/E(T)]

veV (T)

Combining this with , we obtain
(12) N degaw) = 3 (dn— buw)).

veV(T) veV(T)
On the other hand, since w is h-admissible, Lemma [4.4] implies that
deg,, 5 (v) = deg,, ,(w) = dy — £p(w)
for every v = w. Together with , this forces
deg,, p(v) = dp — € (w)
for every v = w. Therefore, I" is regular. ([l

The following example shows that the irreducibility assumption in Theorem (2) cannot
be omitted.
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Example 4.8. Consider h = (2,4,5,5,5) and w = 12534 € &5. Then
5

d, = > (h(i) — i) = 6.

i=1
Moreover, w is h-admissible and ¢5(w) = 2. Indeed,
w2 =2<h(1), wlB)=4<h?2), wl@)=5<h@), wl(5)=3<hb).
A direct enumeration of the permutations v > w, according to their h-lengths, gives

k 1 2 3 4 56
{v=wl|l(v)=Fk}| |1 8 27 27 8 1

Therefore,
Pun(q) =1+ 8q + 27¢% + 27¢° + 8¢* + ¢,

which is palindromic.
On the other hand, the GKM graph F(Qw N Hess(s, h)) is not regular, since

deg,, ,(w) =4 whereas deg,, ,(wo) = 6.
Note that, for v = 51234 > w
Eh(v) =1<2= Eh(w).

This implies that the dimension of the Hessenberg Schubert variety €2, ; is greater than that
of Q. Therefore, the intersection €, N Hess(s,h) is reducible at v. In particular, the
cell QO 1, corresponding to w is not of maximal dimension in the intersection {2, N Hess(s, h).
This explams why the palindromicity does not imply the regularity in this example.

Before we prove Theorem we recall the pattern avoidance criteria for the regularity of
I'(Q, n Hess(s, h)) established in [7]. For further details, we refer the reader to [7]. Let h
be a Hessenberg function on [n]. For an h-admissible permutation w € &,,, we say that w
contains the associated pattern 7, if there exist indices ¢ < j < k < ¢ satisfying the following
conditions:

(1) 21435 w(j) < w(i) < w(?) < w(k), with i < j <k < € < h(i).

(2) 13245 w(i) < w(k) <w(j) <w(l), with i < j <k <f < h(j) and k < h(7).

(3) 12435 w(i) < w(j) <w(l) < w(k), with i < j <k <l < h(j) and j < h(i) <

(4) 21345 w(j) <w(i) <w(k) <w(l), with i <j <k </l <h(k)and k < h(i) <
(5) 14235 w(i) < w(k) <w(l) <w(j), with i < j <k <l <h(j) and k < h(i) <

(6) 2314p: w(k) < w(i) <w(j) <w(l), withi <j <k <l <h(j)and k < h(i) <

(7) 24135 w(k) < w(i) <wl) < w(j), with i < j < h(i) < k < h(j) < €< h(k).

Theorem 4.9. [7, Theorem C| For an h-admissible permutation w, the graph I'(Q, N
Hess(s, h)) is reqular if and only if w avoids all associated patterns

92143, 1324y, 1243, 2134, 1423, 23145, 2413;,.
Let us prove Theorem

Proof of Theorem[1.3. The equivalence of statements (1)—(4) follows from Theoremsmand.
Hence, it is enough to prove the last statement. Note that the GKM graph of Hess(s,h) is
independent of the choice of s, so I'(£2, n Hess(s,h)) does not depend on the choice of s.
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Hence, if the graph I'(Qg n Hess(s, h)) is regular, then I'(Qg n Hess(u"!su, h)) is also regu-
lar. Moreover, this graph is connected by Proposition It follows from Theorem that
Qg N Hess(u ™ su, h) = Q% n Hess(u~1su, h) and is smooth. Since

Qu,n = u(Q% N Hess(u=tsu, h))
by Proposition [2.5, the Hessenberg Schubert variety €, 5, is smooth. O

Remark 4.10. When w is not h-admissible, the pattern 2413 is replaced by four patterns:
25314y, 24315y, 14325, and 15324;,. If w avoids all ten patterns, then €, is smooth; see
Definition 4.9 and Theorem 4.14 in [7] for details. However, this does not imply that the graph
(2, nHess(s, h)) is regular. Note that the graph I'y, j, in [7] is the subgraph of I'(Hess(s, h))
induced by QF | so we have I'(Qy, 1) S Ty p S T'(Q N Hess(s, h)), where each inclusion may
be proper. Indoed, the second inclusion is an equality if and only if w is h-admissible.

4.2. Smoothness at h-Bruhat covers. We recall a well-known criterion for determining
whether v < w in the Bruhat order. Given a subset S < [n], we write S1 for the tuple
obtained by listing the elements of S in increasing order.

Proposition 4.11. [3, Theorem 2.6.3] For u,v € &, the following statements are equivalent:

(1) w < v in the Bruhat order.
(2) ulk]t< v[k]t for all k € [n].
Here, we denote by u[k] the set {u(1),u(2),...,u(k)}.

Definition 4.12. Let ¢ = (a, b) be a reflection with a < b. We say that a Hessenberg function
h is transitive with respect to t = (a,b) if the following conditions hold:

(1) a <b< h(a);

(2) for every i < a, if a < h(i), then b < h(17);

(3) for every j > b, if j < h(b), then j < h(a); equivalently, h(a) = h(b).

We write u <, v if v covers u in the h-Bruhat order; that is, u <, v and there isno x € &,
such that u <j x < v. In this case, we say v is an h-Bruhat cover of u.

Proposition 4.13. Let w € &,, and let W be the unique h-admissible permutation corre-
sponding to w. Suppose that w <, v = w(a,b) and that h is transitive with respect to the
reflection (a,b). Then Qg n Hess(s, h) is smooth at v.

Consequently, ., is smooth at z = w(a,b) € Qi,h whenever w < w(a,b) and h is
transitive with respect to (a,b).

Proof. Set u = ww~!. By Proposition for z € Qg}h, if Q25 5, is smooth at u~ 'z, the variety
Quw,p is smooth at z. Hence it suffices to show that g 5, is smooth at v = @(a,b). Moreover,
by Corollary it is enough to prove that degg ,(v) = |[E(S2g N Hess(s, h),v)| = dim Qg .

In the following, we will frequently apply Proposition We do not mention it explicitly
in each case.

For notational simplicity, we now assume that w is h-admissible and v = w(a,b). To prove
the smoothness of €2, ;, at v, by Corollary it is enough to show that deg,, ;(v) = dimQ;, ;.
By Lemma it suffices to show that the map

¢wv: Ew,h(w) - w,h(v)

is surjective.
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For each (i,7) € Ey p(v), there are three possibilities: |{i,7} n {a,b}| = 2, 1, or 0. Note
that a < b and @ < j. If {i,j} = {a,b}, then ¢yy(a,b) = (a,b). If {i,j} n {a,b} = &, then
(i,7) € Eyn(v) implies w(i) < w(j), since v = w(a,b) is an h-Bruhat cover of w. Hence,
(1,7) € Eyp(w). Indeed, if we apply Proposition to w(a,b)(i,5) > w, then the desired
result can be obtained in each case by choosing k as follows:

k=1 ifi<aori>b; and
k=b ifa<i<b.

Thus, we have only to show that ¢,,1(4, ) is nonempty for the transposition (i, ) € Ey 5 (v)
with |{7,j} n {a,b}| = 1. There are four possible cases to consider. Throughout these cases,
we use the fact that w(a) < w(b), which follows from w < v = w(a, b) in the Bruhat order by
Proposition
Case 1. ¢t = a < j < b: The following table lists the one-line notation for each of the
permutations w, v, v(a, j), and w(a, j).

i=a j b

w o= e w(@) e w(f) e w()
vo= - wb) - w(j) w(a)
v(a,j) = - w(G) - w(b) w(a)
w(a,j) = - w() - w(a) w(b)

If (a,j) € Eyp(v), then v(a,j) > w, so w(a) < w(j) by Proposition Therefore,
w(a ]) > w, which implies (a, j) € Ew n(w). Accordingly, ¢yy(a,j) = (a,j).

Case 2. a < i < j = b: The following table lists the one-line notations for the permu-
tations w, v, v(i,b), and w(i,b).

a i j=2b

w w(a) w(1) w(b)
Vo= w(b) w(1) - w(a)
v(i,b) = w(b) w(a) -+ w(i)
w(i,b) w(a) w(b) - w(i)

If (i,b) € Ey p(v), then v(i,b) > w, which implies that w(i) < w(b). Hence w(i,b) > w,
which implies (7,0) € Ey, p(w), S0 ¢y (i, b) = (i,b).

Case 3. i < a and j € {a,b}: First, consider the case when j = a. The following table
displays the one-line notation for each of the permutations w, v, v(i,a), and w(i, b).

1 a b

w - w(i) w(a) -+ w(b)
vo= o ow(@) o wb) - w(a)
v(i,a) = - w(b) o w@) - w(a)
w(i,b) = - wb) - wla) - w(i)

If (4,a) € Eyp(v), then v(i,a) > w, so w(i) < w(b). Moreover, since (i,a) € Ey, 4(v),
we have a < h(i). Since i < a and h is transitive with respect to (a,b), it follows that
b < h(i). Thus, (4,b) is an h-allowed transposition. Together with w(i) < w(b), we
obtain (i,b) € Ewyh(w). If (4,a) ¢ Eyp(w), then ¢uy(i,b) = (i,a); otherwise, we have
d)wv(iv CL) = (Z, a)'
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We now turn to the case when j = b. The one-line notations for w, v, v(i,b), and
w(i, b) are shown below.

? a b
wo o= w(7) w(a) -+ w(b)
v o= w(i) - wbd) - w(a)
v(i,b) = w(a) -+ w(b) - w(7)
w(i, b) w(b) w(a) - w(7)

f (i,b) € Eyp(v), then from v(i,b) > w, we have w(i) < w(a) and thus (i,a) €
Ey p(w). Since w(a) < w(b), we have (i,b) € By p(w), 80 ¢duy(i,b) = (4,0).

Case 4. i€ {a,b} and j > b: The following table lists the one-line notation for each of
the permutations w, v, v(a, j), and w(a, j).

a b J

w w(a) w(b) - w(j)
Vo= w(b) w(a) - w(j)
v(a,j) = - w(j) w(a) - w(b)
wla,j) = - w(j) wb) - wa

If (a,j) € Eyp(v), then w(a) < w(j), so (a,j) € Eyp
Accordingly, ¢uy(a,j) = (a,j).

It remains to consider the case (b,j) € E,n(v). Listed below are the one-line
notations for w, v, v(b, 7), and w(a, j).

w) and (b,j) € Ey,p(w).

b J
wo= - w(a) w(b) - w(j)
vo= - wb) w(a) - w(j)
v(b,j) = - w(b) w(j) - wla) -
w(a,j) = - w(j) w() - wla) -
Since v(b, j) > w, we have w(a) < w(j). Since (b,j) € Ey p(v), we also have b <
j < h(b). By the transitivity of h with respect to (a,b), it follows that j < h(a).

Together with w(a) < w(j), we obtain (a,j) € Eyp
buww(a,j) = (b,7). Otherwise, duw (b, j) = (b, J).
This proves the proposition. ]

U)) It (b,]) ¢ Ew,h(w)v then

5. FURTHER QUESTIONS

We have been considering the smoothness of the Hessenberg Schubert variety 2, by
studying the intersection €, " Hess(s, h), as described in Theorem In particular, we have
provided a sufficient condition, formulated in terms of the graph I'(€,, N Hess(s, h)), under
which the intersection €, " Hess(s, h) is irreducible, and moreover, €, 5, is smooth. However,
the regularity of I'(Q2,, nHess(s, h)) is not necessary for the irreducibility in the general setting
(see Remark , nor is it necessary for the smoothness of €, (see Example . In this
section, we present additional questions regarding the structure of 2, N Hess(s, h) that may
offer deeper insights into the geometry of the Hessenberg Schubert variety €, .

Regarding the irreducibility of the intersection €, N Hess(s, h), we present the following
question:

Question 5.1. Let h: [n] — [n] be a Hessenberg function and w € &,,.
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(1) Find a necessary and sufficient condition on w such that Q,, nHess(s, h) is irreducible.

(2) For v = w, find a necessary and sufficient condition on v such that Q,, N Hess(s, h)
is irreducible at v.

(8) Find an explicit description of the irreducible components of Q,, N Hess(s, h), that is,
find Cy, € &,, such that

Qy, N Hess(s, h) = U Q9 n Hess(s, h),

veCly

where each 25 N Hess(s, h) for ve Cy, is an irreducible component in 2, " Hess(s, h).

Considering and of Question the existence of u € [w, wp] distinct from w with
lp(u) < £p(w) implies that Q,, N Hess(s, h) is reducible. One may ask whether the condition
lp(u) > Ly (w) for every u >p, w implies the irreducibility of €, n Hess(s,h). The following
example shows that this is not true.

Example 5.2. Let h = (3,4,5,5,5) and w = 25314. Then w is h-admissible. Using Sage-
Math [13], we can check that £p(u) > fp(w) for every u with w < u < wp. However,
Q0 N Hess(s, h) is reducible at v = 52341.

Related to Question , one may wonder whether the intersection €, N Hess(s,h) is
equidimensional. We saw in Example[4.8|that the irreducible components might have different
dimensions. In the following example, we examine how to find the irreducible components.

Example 5.3. Let h = (3,3,4,4) and w = 3214. Then w is not h-admissible and w =
4312 is the corresponding h-admissible permutation. Using Proposition [2.5] one can check
that Qah = {3214,3241} and Q4 is a curve. On the other hand, considering the graph
I'(Q, N Hess(s, h)) as shown in Figure |4 one can find other irreducible components:

(5.1) Q3214 N Hess(s, h) = Q32145 U Q34120 U Q32411 U Q213 -
For instance, 234125, is one of the irreducible components because
{velww]|3412€ Ql,} = {3412}.

Similarly, we can see that (230415 and {24213 are also irreducible components. We notice
that the irreducible component 23432, is of dimension 2 since ¢}, (3412) = 2. Accordingly, the
intersection 3214 N Hess(s, h) is not equidimensional.

To prove that there are no further irreducible components beyond those listed in , we
consider the local chart Q4301 consisting of matrices of the following form:

Tq1 Taz w43 1
r31 I39 1 0
zo1 1 0 O

1 0 0 O

Here, we set O, := vU~. Since any irreducible component of the intersection €, N Hess(s, h)
is of the form €, ;, for some permutation u, the remaining possible irreducible components are
Q312,15 242311, 234215, and Q4391 5, in this case. All of them contain 4321 as an element, so it
is enough to compute the number of irreducible components meeting at 4321. As considered
in [8, §5], the defining ideal for the intersection O4321 N Q3214 N Hess(s, h) is given by

<1’417 T31,T32T41 — T31T42, —T42T21 + T41, —T42,

— T43T32%91 + Ta2T91 + 2T43731 — 3T41, T43T32 — 2T 42).
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4321 4321

4312 4312 4931 3421

X Oy 2

N

4132 4132 3412 ; 3241
0.,4213 0.,4213 O (o} 0 2431
= ¢
1432 Q. 4123 o, 24130 ‘03142 \‘o 2341 [@]3214 1432 o 4123 o, 24130 03142 \‘o 2341 3214
0 L 4 ]
- -

o 1342'0 (o) (0] (e} o 1342‘0 (o) (0] (e}
1423 2143 . 3124 2314 1423 9143 . 3124 2314
0. 1324 0 (o] o, 13240 o
1243 2134 1243 2134
o o
1234 1234

(1) T'(3214 N Hess(s, (3,3,4,4))) (2) T(Q3214,(3,3,4,9))
FIGURE 4. The graphs I'(Q,, n Hess(s, h)) and I'(Q,, 5) for h = (3, 3,4,4) and
w = 3214

Here, we take s = diag(1,2,3,4) in the computation. Notice that the above ideal is not prime,
and its primary decomposition is given by

(T42,T41, 732, T31) O {T43, T42, T41, T31)-
This implies that exactly two irreducible components meet at 4321. Indeed, the ideals in
the above decomposition correspond to 234124 and 3241 p, respectively. This proves (5.1))

holds, that is, C\, = {3214,3412,3241,4213}. Here, we denote by C,, the set of permutations
encoding the irreducible components (see Question )

Regarding the smoothness of the Hessenberg Schubert variety €2, 5, we raise the following
question:

Question 5.4. Find a necessary and sufficient condition on w such that 1y, j, is smooth.

Theoremprovides one sufficient condition on w such that €2, 5 is smooth. The following
example shows that there is an h-admissible permutation w such that €, n Hess(s,h) is
reducible, but €1, 5 is smooth.

Example 5.5. Since the graph I'(€, n Hess(s, h)) is the GKM graph of the intersection
Qy N Hess(s, h), it could be non-regular even when £, ;, is smooth. We consider such a case
in this example. Let h = (3,3,4,4) and w = 2134. For convenience, we set s = diag(1,2,3,4)
in this computation. Consider the local chart Q2341 consisting of matrices of the following
form:

T4 Ta2 Ta3 1
1 0 0 O
I21 1 0 0
0

r31 T3z 1
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6. 13240
1243
o o
1234 1234
(1) T'(Q2134 N Hess(s, (3,3,4,4))) (2) T'(Q2134,(3,3,4,4))

FIGURE 5. The graphs I'(Q,, n Hess(s, h)) and I'(,, 5) for h = (3,3,4,4) and
w = 2134

Here, we set O, := vU~. Then, as provided in [8], §5], the defining ideal for the intersection
02341 N Hess(s, h) is given by
(T43232T21 — T42T21 — 2743731 — T41, —T43T32 — 2242).
We denote by 7}, ., the defining ideal for the intersection €, nHess(s, h) in the local chart O,,.
Moreover, the defining ideal 7}, 2134 2341 for the intersection Q2134 N Hess(s, h) is given by
Th 2134,2341 = {T41, T43T32T21 — T42X21 — 2T43L31 — Td1, —L43T32 — 2T42).
We notice that the ideal 7 21342341 is not a prime ideal, and its primary decomposition is
given by
Tn2134,2341 = {T41, %42, T43) O {T41, 43732 + 2242, 342%21 + 2243731, 3T32221 — 4T31).
To find the defining ideal of €)9134; among two ideals, consider the intersection {lo341 N
Hess(s, h) in the local chart Og2341. Then its defining ideal 7, 23412341 is given by
Th,2341,2341 = {T41, T42, T43).

We notice that this ideal is prime, so 2341 N Hess(s,h) = 341 4. Moreover, this proves
that the defining ideal of 921347}1 in the local chart Qo341 is <x41,9343:c32 + 249, 3T49x21 +
2243731, 3x32721 — 4231).

On the other hand, the intersection of 22134, and 23415, in O2341 is defined by

(@41, T2, T43, 3T32221 — 4T31),

which defines the permutohedral variety of dimension 2. Accordingly, the GKM graph of
Q9134 4, is obtained from I'(€22134 N Hess(s, h)) by deleting the edges connecting the following
pairs of vertices: {2341,4321},{3241,4231}, {2431, 3421}. See Figure
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